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The Chapman-Enskog solutions of the Boltzmann equations provide a basis for the computation of
important transport coefficients for both simple gases and gas mixtures. These coefficients include the
viscosity, the thermal conductivity, and the diffusion coefficient. In a preceding paper on simple gases (1),
we have shown that the use of higher-order Sonine polynomial expansions enables one to obtain results
of arbitrary precision that are free of numerical error. In two subsequent papers (II-Il), we extended our
original simple gas work to encompass binary gas mixture computations of the viscosity, thermal
conductivity, diffusion, and thermal diffusion coefficients to high-order. In a fourth paper (IV) we derived
general summational representations for the diffusion- and thermal conductivity-related bracket inte-
grals and provided compact, explicit expressions for all of these bracket integrals needed to compute the
diffusion- and thermal conductivity-related transport coefficients up to order 5 in the Sonine polynomial
expansions used. In all of this previous work we retained the full dependence of our solutions on the
molecular masses, the molecular sizes, the mole fractions, and the intermolecular potential model via the
omega integrals up to the final point of solution via matrix inversion. The elements of the matrices to be
inverted are, in each case, determined by appropriate combinations of bracket integrals which contain, in
general form, all of the various dependencies. Since accurate expressions for the needed bracket integrals
have not previously been available in the literature beyond orders 2 or 3, and since such expressions are
necessary for any extensive program of computations of the transport coefficients involving Sonine
polynomial expansions to higher orders, we have investigated alternative methods of constructing
appropriately general bracket integral expressions that do not rely on the term-by-term, expansion and
pattern matching techniques that we developed for our previous work. It is our purpose in this paper to
report the results of our efforts to obtain useful, alternative, general expressions for the bracket integrals
associated with the viscosity-related Chapman-Enskog solutions for gas mixtures. Specifically, we have
obtained such expressions in summational form that are conducive to use in high-order viscosity
coefficient computations for arbitrary gas mixtures and have computed and reported explicit expressions
for all of the orders up to 5.

© 2009 Elsevier Masson SAS. All rights reserved.

1. Introduction

reasonable accuracy in computations of the transport coefficients
(to about 1 part in 1000), most existing computer codes do not use

The Chapman-Enskog solutions of the Boltzmann equations
provide a basis for the computation of important transport coeffi-
cients for both simple gases and gas mixtures [1-15]. The use of
Sonine polynomial expansions for the Chapman-Enskog solutions
was first suggested by Burnett [16] and has become the general
method for obtaining the transport coefficients due to the relatively
rapid convergence of this series [1-8,16]. While it has been found
that relatively, low-order expansions (of order 4) can provide
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these solutions beyond order 2 or order 3 as the relevant expres-
sions rapidly become increasingly complex and have not been
available as general, explicit expressions in terms of arbitrary
potential model (via the omega integrals) in the past. Recently, our
investigations of simple gases and gas mixtures [17-21] have
allowed us to pursue Chapman-Enskog solutions to relatively high-
orders computationally using Mathematica® and, thus, accurate,
completely general, expressions have been obtained and used by us
up to order 60 for the viscosity-related bracket integrals and up to
order 70 for the diffusion- and thermal conductivity-related
bracket integrals. We note that our initial work focused on the
generation of the necessary bracket integral expressions via
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a method suggested in Chapman and Cowling [1] that is best
described as a term-by-term, expansion and pattern matching
technique. Since this method is relatively expensive in a computa-
tional sense due to the size of the higher-order bracket integral
expressions, and since the size and complexity of the general
expressions for the bracket integrals for gas mixtures makes them
impractical to report explicitly in the open literature beyond the
lowest orders even when organized into compact form, it is clearly
desireable to have an alternative means of generation for the
needed general bracket integral expressions that is both more
compact and less cumbersome to implement as increasingly higher
orders of approximation are employed in computations of the
transport coefficients. Previously, we have reported the results of
our efforts to develop a set of completely general expressions for
the bracket integrals necessary to obtain Chapman-Enskog diffu-
sion and thermal conductivity solutions up to any arbitrary order of
expansion [21]. These results were presented as summational
representations that might be implemented efficiently in a variety
of different computational environments. Thus, in this paper we
report on the results of our efforts to develop an additional set of
completely general expressions for the bracket integrals necessary
to obtain Chapman-Enskog viscosity solutions up to any arbitrary
order which we have, again, been able to present as compact,
summational representations that are straightforward to imple-
ment efficiently in a variety of different computational environ-
ments. In the following sections we describe the basic relationships
relevant to the Chapman-Enskog solution for viscosity, the role of
the bracket integrals in these solutions, the details of our derivation
of alternative, summational, expressions for the viscosity-related
bracket integrals, and explicit, precomputed expressions for the
bracket integrals up to order 5 for use in existing computer codes
where such are needed but have not previously been available
beyond order 2 or order 3.

2. The basic relationships

Following the work and notations of Chapman and Cowling [1],
as used in our previous work [18], we note that for binary gas
mixtures the viscosity may be expressed to some order of
approximation, m, in terms of Sonine polynomial expansions as:

ln = P(x1b{™ + x:b"7), 1)

where x; = n{/n and x, = ny/n are the component mixture fractions,
ny and n, are the component number densities with n=ny +n;
being the total number density of the mixture, m; and m, are the
component molecular masses with mg=my + my, p is the hydro-
static pressure, k is Boltzmann’s constant, T is the temperature,
Mj = my/mg, My = my/mo, and in which the quantities b and b{™
are expansion coefficients determined by solving the following
system of algebraic equations:

+m
Z bpbpg = Bq (q#0), (2)
p=-m
p#0
in which:
5 n 5 ny
B = 2 Bq = I n2 By =0(q*+£1). 3)

We note that we have dropped the superscript (im) on the expan-
sion coefficients bg,’") as is done in Chapman and Cowling. In matrix
notation, this system of equations may be written as:

Bb — B, (4)
where:
-bfmfm b—mfl b—ml b_mm
b_q_ bai1 by b_1m
B = m , 5
b17m bi_4 b}l bim 5)
L bm;m bmfl bT;ﬂ bmm
(b_m 0
_ | b _ |8
b = by | and B = ﬁ} , (6)
| bm 0

and where, as the order of the expansion, m, increases, the matrices
build outward from their centers in the manner indicated. Thus, to
obtain the needed expansion coefficients, b(,”f) and bﬁm), and hence
the viscosity for a given order of the expansion, one need only
generate the [(2m) x (2m)] matrix of Eq. (5) and invert it.

The matrix elements, bpq in Eq. (5) are constructed from
combinations of bracket integrals containing the appropriate
Sonine polynomials from the expansions used. Specifically, since it
is straightforward to show for any (p, q) that b,q = bgp, one has that:

bpg = bgp = X{ [55(3/2 )(?”1)%1(51755/2 )((’”ﬂ%)ffﬂ]
(1
+xix S8,V (e, S, e . ()
bp-q=b_gp =x1% [Sép/z (e1)€ (gvssq/z] ( %){2?’02} N C)

(#3)656,. 55,V @e,), . ()

b_pg =bg-p =x1% [5(5/2 ”

. " o
bpg=bgp=2x [5(5/2 )(%ﬂz)(fz(grs(s% (%%)(52?2]

+xixa SOV (@36 56,55,V (63)e 56, . (10)
where:
My = S Dep)
S0 = 2 oy —py Y
_ - (m+n)! ( _ w\P
= 2 i prme Y
D(m+n+1) o an

N ;JF(p+1)F(n—p+1)r(m+p+1)

(with ${Q(x)=1 and S)(x)=m+ 1 —x) are numerical multiples
(un-normalized) of the Sonine polynomials originally used in the
Kinetic Theory of Gases by Burnett [16], in which
€; = (m;/2kT)'/2C; are dimensionless, pre-collision, peculiar
molecular velocities, C; = ¢; — ¢ are the dimensional, pre-collision,
peculiar molecular velocities, ¢; are the pre-collision molecular
velocities, and ¢g = Mjx1c1 + Myx€; is the mean mass velocity of
the mixture. Here, one needs to be aware that the notation
(m+n)n—p) used by Chapman and Cowling in Eq. (11) is not the
standard Pochhammer notation employed later in this work
although it is related to it. From the definitions used in the bracket
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integral notation, it follows that Eqs. (10) and (9) are essentially
identical to Egs. (7) and (8), respectively, with the only difference
being the interchange of the subscripts 1 and 2 representing the
different components of the mixture. Thus, in general, the complete
Chapman-Enskog solution for viscosity for binary gas mixtures
requires the evaluation of only three types of bracket integrals:

B AT (12)
(P) (2 q 2 c

[sL e e, sy 365, (13)

and:

[seh e, sihehee) (14)

Here, however, we note an observation made in our previous work
[18] that, of the three required bracket integrals shown in Egs. (12)-
(14), the application of some simple combinatorial rules allows one
to generate expressions for the bracket integrals of Eqs.(12) and (13)
from an appropriate expression for the bracket integral of Eq. (14) if
such is known. Thus, it is the derivation of such an expression for the
bracket integral of Eq. (14) which could be said to be the most
important goal of this paper. However, in terms of complexity, we
have found it convenient to first pursue independently the deriva-
tion of an expression for the bracket integral of Eq. (13) before
attempting the corresponding derivation for the bracket integral of
Eq. (14). Both of these derivations are detailed below and the simi-
larities between them are obvious. Our use of the resulting expres-
sions for the bracket integrals of Eqgs. (13) and (14) to generate
a similar expression for the bracket integral of Eq. (12) according to
the appropriate combinatorial rule is a relatively minor exercise
which is presented following the first two derivations. While all of
the above expressions for binary gas mixtures are readily general-
ized for use with arbitrary mixtures by replacing the (1, 2) indexing
scheme associated specifically with binary mixtures to a more
general (i, j) indexing scheme, in what follows we retain the (1, 2)
indexing scheme used by Chapman and Cowling as it improves (in
our opinion) the clarity of the derivations. Of great importance in
this work is the requirement that we have placed on our results that
they continue to exhibit the full set of general dependencies of the
bracket integrals on the molecular masses and the omega integrals,
9(1/2) (r), that we have retained in our previous recent work [17-21]
and which is the most significant factor contributing to the utility of
thisrecent body of work. The omega integrals are initially defined as:

o

1/2
(0) (1) = 2r+3) ()
912<r>—(2m0M1M2) [ exo(- dods,  (15)
0
with:
™
=2 /1—cos( )]bdb, (16)
0

and contain all of the dependencies relating to the specific intermo-
lecular potential model that is employed. Here, y is the angle between
the pre-collision (g = ¢; — ¢1) and post collision (g’ = ¢, — ¢} ) relative
velocities and is a function of the impact parameter, b, and the
dimensionless pre-collision, relative velocity of the two colliding
molecules, g = (moM; M, /2kT)'/g. As a brief aside, we note here that
it is often considered convenient to define the omega integrals in

terms of a simple scaling factor, o12 = (¥2)(01 + 02), which is, in the
most general of terms, only a convenient, arbitrarily chosen length
within some range where the impact parameter, b, is significant.
Expressed in this manner, the omega integrals are then [1]:

1/2
() _ 1 2 27kT ()
Q5 =5 012(—m0M1M2 W5 (r), (17)

where:

oo

Wi (=2 / exp(—g?) g2+

0
™
% [ 1= cos! ()] (b/o12)d(b/o12)d. (18)
0
Note that when only one species is present, Eqs. (17) and (18)
reduce to the following simple gas expressions:
wkT
o¥(r) = a](m]) wio(r), (19)
with:
Wy)(f) _ 2/ exp(—g2>g(2”3)
0
s
x [ 11~ cos' (0] (b/or)d(b/ 1) (20)
0

In Egs. (17)-(20), o1 is an arbitrary scale length associated with
collisions between like molecules of type 1 while 71, is associated
with collisions between unlike molecules of types 1 and 2. These
scale lengths are commonly associated with some concept of
the molecular diameters depending upon the specific details of the
intermolecular potential model that is employed.

3. Derivation of summational representations for the bracket
integrals

We begin our derivations at the point in Chapman and Cowling
[1] where the evaluation of the six integrations in the bracket
integrals that are unrelated to the intermolecular interaction model
being employed are first considered. Here, we note that Chapman
and Cowling make use of the following relationships for the Sonine
polynomials:

g\ (m+1)
(E) exp( — Xxs)

(1—s)-m= 1exp( xs)

S
= st (x), (21)
n=0
and:
(m+1)
T L) — (1 pemeD) Xt
(t) exp(—xT) = (1-1t) exXp( 1
=Y s (x), (22)
n=0

where s=s/(1 —s) and T=t/(1 — t), to express the bracket integrals
in terms of the coefficients of expansions in the arbitrarily intro-
duced variables, s and t. Thus, it is possible after following Chapman
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and Cowling to obtain the following expressions for the bracket
integrals of Egs. (13) and (14), respectively:

[sEa6h%,%, 50,4376, |, ~coeflis"t9] in

(7)7/2 -3 / / / [L1(0)—Ly5(x)lgbdbdedy, (23)

and:

[5(57)2(%)1)(6 ¢ >55/2(%”%)‘51‘€1} =coeff[sPtq] in

( )7/2 -3 / / / L, (0)—Ly (x)lgbdbdedy. (24)

Note that the retention of a single g in Eqs. (23) and (24) (as opposed
to ) is not a typographical error but, rather, is the exact notation used
by Chapman and Cowling. Then, one can express the y-dependent
portions of the RHS bracketed integrals of Egs. (23) and (24) as:

3/sT\"/? _
2(5) a0 = MMexp(~a?)

2r
% Z E{ZMlest[l —cos(x)]}" (gr, )
{[(n + 1)+ 2)IS{75 (47)
+[2(n+ 1)[1 - cos(x) Hf%’fg}z (ﬂ2>

+ {[1 —cos(x)]z—%sm (x )} 4S£+>5/2( 2)}, (25)

X (MzS + M; t)

and:

3/sT\"? _
2(5)" i - oal)

x> Z{St[M% + M3 + 2M1M2cos(x)]}r(ﬂj)

r!

x {Ma(s + ) — (M — Mnst}"{ M3+ 1) (n+2)]s117 (57)

+ 200+ )M [ + Macos(x )}wzsi’lé}z( ?)

r+5/2 <ﬂz> }7 (26)

which are Egs. (9.32, 7) and (9.4, 13), respectively, in Chapman and
Cowling. In both of these cases, the coefficient of [sPt7] yields a poly-
nomial in powers of 42 and cos(x) that is multiplied by exp(—g?) and
in which each term is some function of the molecular masses via M
and M. The y-independent portions of the RHS bracketed integrals of
Egs. (23) and (24) are obtained by the simple expedient of setting
x =0 in Egs. (25) and (26) which then yields overall terms in the
combined polynomial involving [1 — cos’(x)]. Thus, after completion
of the six integrations not related to the intermolecular potential
model, including the integrations over ¢ and the directions of g, it is
possible to express the bracket integrals of Egs. (23) and (24) as:

[[M] +M2cos(x)} fszsm X) |4

o ¢ 2\co
[sey e e, STy (63656,
16
:?Tr”zMép*”ng“)//exp(—f)
xZB 422 [1—cos’(x)]gbdbdy

16 1 1 16
=M TIMETY S Bogry 03 (1) =57> Byery @131, (27)
rt e

and:

[sE, (3% %, 55/2(%2)?5 %) =2 1/2//exp

x Z B g? A1 cos(x)] gbdbdg

16
ZB/qré 12(1‘),

where the omega integrals have been defined in Egs. (17) and (18).
Here, we note that our initial work followed the prescription
implied by Chapman and Cowling [1] for determination of the
coefficients, Byqr, and B ,,. According to Chapman and Cowling:

(28)

pqre®

“Explicit expressions for [Bpg and B /] can be obtained
from [Egs. (25) and (26)] using [Eq. (11)]f0rS )(x). In view of
the complication of these expressions it is, however, better in
practice to calculate any desired values of [Bpq,, and qur/]
directly from [Eqgs. (25) and (26)].”

The prescription implied by this statement is that one should expand
Egs. (25) and (26) directly in powers of s and t using the binomial
theorem, collect terms containing identical powers of [sPt?] to identify
the omega integrals that are present, and then consolidate the coef-
ficients of each to create the needed expressions for each of the (p, q)
bracket integrals and their associated b,q matrix elements. In general,
this process works fine for lower-order expansions; particularly
where one is required to do the algebra by hand, and is readily
accomplished to much higher orders of expansion by using Mathe-
matica® to do the necessary algebra and pattern matching. However,
at sufficiently high an order, the computational overhead associated
with performing these operations on extremely large and complex
expressions causes the process to become very inefficient in terms of
the time required to determine the matrix elements. Thus, we return
to the above quote by Chapman and Cowling and consider the alter-
native prescription that they have indicated which would be expected
to yield general expressions for the bracket integrals much more
conducive to efficient computations; particularly in computational
environments employing more traditional languages and program-
ming structures (such as FORTRAN, C++, etc.).

We return now to Egs. (27) and (28). As we have pointed out, it is
technically only necessary to actually derive an alternative
expression for the coefficients B, in Eq. (28) as the coefficients
Bpgre in Eq. (27) can then be determined from the B;,qré expression
thus derived. In practice, however, an expression for By, is easier
to derive due to its less complex dependence on the molecular
masses. Therefore, Bpg is addressed first followed by B;,qr/. With
both of these coefficients determined, the bracket integrals of Egs.
(13) and (14) are fully specified in the most general possible terms
and may be combined in the appropriate manner to yield the most
general possible expression for the simple gas bracket integral of
Eq. (12). Then, with all three of the bracket integrals of Egs. (12)-
(14) thus specified, general expressions for the by matrix elements
may be constructed according to Eqs. (7)-(10) if one wishes. At this
point, evaluation of the general matrix elements for specific values
of the parameters and inversion of the coefficient matrices to
obtain the expansion coefficients, b(,'?) and bﬂm), is an extremely
rapid process provided that values of the necessary omega integrals
exist in precomputed form to the necessary degree of precision for
the specific intermolecular potential model being employed.

4. Derivation of a summational representation for the L;»
bracket integral

First, consider the bracket integral type:

Sg}z(%}z)(g? Séq/z( ©3)€ 56, 12’ (29)
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which we refer to here as the L1, bracket integral. Following Eq. (23)
this may be determined by specifying the coefficient of [sPt?] in the
expansion of Eq. (25). As a first step one may rewrite Eq. (25) in the
following slightly more convenient form:

7/2
ST _ 2
() ™ ee=5tnm)en(-2)

xZZ(MlMZ)st‘(Z) [1-cos(] (o )i

i=0n=0

x (Mps+My t)”{ (n+1> (n+2>5$’/22> (gz)
+2(n+1)[1-cos(0lsS{5 )3 (42)
+E—2c05(x)+% cosz(x)} 4sf+>5/2( 2)} (30)

Now, one consolidates the Sonine polynomials using the definition
of Eq. (11) which may be expressed as:

(n+2) n.2\"1
(n+2) B (-1)"(s%)
$2(0°) = 3 G2 oy
Rz+n+3)) (z+n+1) 4"
CE+n+1)) (z+n+3)! 40+2)

(31)

where we note that we have used the following property of the
Gamma function:

(oD - ()

From Eq. (31), one may obtain:

(n+2) n( 2\"

(n+2) _ (-1D"s?)

Stha@’) = X G2 -
QUA+n+3)) ([i+n+1) 47 (33)
@I+n+1)! (i+n+3)!40+2)7°
(n+2) l)n(ﬂz)ﬂ

n+1)

P = X sy

A+n+3) (i+n+ 1) 47 —n, (34)

210+ 1) (i+n13) 402
and:

(n+2) n/ 2\"
n) _ (-1)"(s%)
7S{s (%) = n;) min+2—n)!

QA+n+3)! ([{+n+1)! 47
“Qa+n+1)) (i+n+3)140+2)

m(n—"1)]. (35)

After this substitution, one can factor out the common terms in
the three summations and combine them into a single summation
as:

(n+1)(n+ 2)5137/22( ) +2(n+1)[1 = cos(x) Mzslg/lz( 2)
1 3 4c(n) 2
+ [j—ZCOS(x) +7cos (x )] IS5 (ﬂ )

<’§> -1 Q+n+3) ([i+n+1)
min+2—m! 2i+n+ 1) (i+n+3)!

X%{ {("+1—’7)(n+2—n) ;n(n—l)}

+20(n-+2 = mlcos() + [5n(n - )| coszoo}. (36)

Now, one can write:

(§>7/ —3/2L12(X) (M]Mz)eXp< )

ii (M1 Ms)'s t’(z) [1—cos(x)]
i—0n=0
n+2 (ﬂz) n+i)

x (Mps+Mqt)" 17;) (n)!(n+2 ol

" 4" 2>i+n+3))! (i+n+1)!
4+2)  (i+n+3)! 2>1+n+1))!

X { [(n-f—l —n)(n+2—n)—%n(n—])}

+2nn+2-mcos(u) + [5101-1)] cos2<x>}, 37)

To extract the summation over s, one first substitutes the
binomial expansion:

n P + .
(Mas + Myt)" = 2(?)1\412511\45"%&"%, (38)
j=

where the <] ) are the binomial coefficients such that:

72
ST 2
(7) 7321 (x) = S(MiMp)exp(—47)

st
© © i n n L. .
x> Z —cos(x)]! Z( .)Mé’“)s(’“)
i=0n=0 j=0 J
n+2> 2 (n+)
(n—j+i) ((n—j+i) (JJ )
M ,,:Z(Jm).(nu ol

4" (2(i+n+3))!
4(+2)  (i+n+3)!

(i+n+1)
Qi+n+ 1)

X {{(n+1—n)(n+2—n) ;n(n 1)}

X

+ 200 +2 = n)lcos) + 3101~ 1] cos2<x>}. (39)

Then, shifting the j index one has that:
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7/2
ST _
(E) m 3/2L12(X)

o w (n+i) (n+2)(_1)n(ﬂz)(n+i)

_2 ' O\ g g (nd20) (i
=gommexp(a?) 52555 -costul (" Jad 20 MY Gzt

i=0n=0 j=i

47 2>i+n+3) (i+n+1)! 1 3 2
T A s {[(n+1—n)<n+2—n>—§n(n—1>}+[2n<n+2—n>1cos<x>+[inm—l)}cos <x>}. (40)
Now, from Figs. 1 and 2, it can be seen that: and one need only let j — p to obtain the coefficient of s?, i.e.:
ii(m) S Z i (41) (5T>7/2 32115 (%) 2(MM) (~)
= : s T X)=% exp(—4
i—0n=0 j=i j=0i=0n=(-i) st 2 3
P (n— p+21 i
Thus: st ; nz t 1 —cos(x)]
ST 7/2 3 2 %) n+2( 1) (gz) (n+1)
ST -3/2 _Z 2 P g(n—p+2i) —vy)
() > aw=senmen(-?) (g v 2 a2l
gy - 2 O\ & @ni3) (o)
22 2 ! ((i—i))’”’z 42 (3! ()]
1
M(" —J+21) (n—j+2i) g (1" o X{ [(”+1—TI)(”+2—77)—§77(77—1)}
(m!(n+2—n)!
y 41 (2(i+n+3)). (i+n+1)! +[2n(n+2—n)]cos(x)+En(n—l)]cosz(x)}. (43)
4+2)  (i+n+3)! (2(i+n+1))!

{[(n+1 Mn+2-n)-gn(r-1)|
Next, to extract the summation over t, one shifts the n index
3 such that:

+2n(n+2-mleos(0+ [5n0n-1) cos2<x>}, (42)

N
S R R

J=0

Y

Fig. 1. The geometry of the summational transformation: Fig. 2. The geometry of the summational transformation:

PO OE,H,X = i Y n— i DD DD IS
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7/2
ST 2
(*) 7T*3/2L12(X):§(M1 My )exp (*ﬂ2>

st
i fi [1-cos(x)] (Wn 21)>2 vy S (-1 """ 4" @2(p+nt3-0)! (i+n+1)!
e (p—=i) /(@) = (MU p+nt2-2i—m)! 4pni2=20 - (pn+3-i)! (2(i4n+1))!
. . 1 . 3
{ (p+n+1 *21*71)(P+”+2*2l*7l)*jn(ﬂ*1)} +[2n(p+n+2-2i—n)]cos(x)+ [577(77*1)} cosz(x)}. (44)
Here, from Fig. 3, one has that: sT\ /2 32 23 &
_ (§> 73215 (x) = §Z Z [sPt9]
P « « minfp,nj =0q=
= . (45) P+ pg@+ D g
i:ZOnZ:i r; izo ><1V1'2[p]M1 p( )
min[p,q i
(p+q—2i)!
Thus x z(:) [1 - cos(x))'— 1 0 D D!
i=
ST _ .
(&) T 2L(x) = S(MiMy)exp(—47) PR (1) a
2y ('(p+q+2—20—n) 4prarz2

minp.n] ; ( (p+n—2i) )
)

(17"
Mp+n+2-2i—n)!

i (p+n+2-2i)

p
x @MZM? >

n=0

4N 2p+n+3-1i)!

o (i+n+1)!
4(p+n+2-2i) (p+n+3 —i)!

23I+n+1)!

x{[(p+n+1—2i—n)(p+n+2—2i—17)

—%Mﬂ—U}+pMp+n+2-ﬁ—nngﬁ

3
+ =1 cos2<x>}, (46)
and one need only let n — ¢ to obtain the coefficient of t7, i.e.:

&)

732100 = SMiMy)exp ()

il il inp.q] +q—2i
x> Pyt Z [1— cos(x ((p 1 . ))
p=0 q=0 = )
2i (p+q+2-2i) 1) (ﬂz) (n+1)

X—Mqu T
(=t ,,;, M'(p+q+2-2i-m)

» 4 2p+q+3-i0)
4(p+q+2-2i) (p+q+3 —1i)!

(i+n+1)
Qi+n+ 1)

x{[(p+q+1—2i—n)(p+q+2—2i—n)

*;MH—U}+pmp+q+2—m—nqum

+ [ cos2(x>}. 47)

To extract the cos(x) summation, one must first factor out
powers of the cos(y) from the last term as a summation over Kro-
necker deltas in the following manner:

(i+n+1) &

2P+q+3-0)
x l+n+1))'2cos/

p+qg+3-0)! (2

X{[(P-FCI-H—Zi—ﬂ)(p+q+2—2i—n)

1 .
=100 = D)o + 20+ a2~ 26

3
+ [3am=1) 6j,z}. 48)
Substitution of the binomial expansion:
. i y
1= cosl' = 3 () (= Dfeosto. (49)
k=0
then yields:

i

i
o
e

=p

[

Fig. 3. The geometry of the summational transformation:

Z,,(]Zn 0= Zn Ozmmpn‘



160

772
ST ,
(E) 732L15(x)

& min[p.q i i .
:%Z::z::sptq]MpH gq“)exp( ) Z ZZcoku(X (k)( )1<2 (p+q — 2i)!

®! (p—D)i(q —1)!
tqi22

Z —1)7(g2) " 4 2p+n+3-i) (+n+1)
P (n)!(p+q+272ifn)!4<P+Q+272i) p+rn+3-1)! Qi+n+1)

{[(p+q+1—2i—n)(p+q+2—2i—) 210 = D] djo + 2n(p+ g +2- 20 - )]6J~,1+En<n—1)}6jz}
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X

(50)

which, following a shift of the j index, becomes:

72
ST ~
(E) 732L15(x)

2 & minpal £ (k2 (4)"2' (p +q — 2i)!
< p+q g P+1) pg(a+1) 2 p+4q
3Z qz:: sPeMy M exp (o) 22 ; <0500 o=k (p— (g - 1)

i —1)7(52) " 4 2p+n+3—i) (i+n+1)
— M(p+q+2—2i—n)! 40+3+2-2) (p+n+3—i)! (2(i+n+1))!

X

{{(p+q+1—21 n)(P+Q+2—2i—n)—%77(77—1)}50‘—10,0"‘[277(17"“1""2—21'—77)}50—@,1+E’?( - )}% k } (51)

Now, from Figs. 4 and 5, one has that:

minp,q] i (k+2) (min[p,q]+2) min[p,q] minlj,i]
> 2> = X > > (52)
i=0 k=0 j=k j=0 i=max[0,(j—2)] k=max|[0,(j—2)]
such that:
7/2
ST _
(5) 7 32L15(X)
% % in[p,q]+2) min[p,q] min(j,i] .
2 (p+1) pg(@+1) AR S (p+q —2i)!
=32 S MM e (%) 5 s S0 P-0@-D!
=0q= j=0 i=max[0,(j—2)] k=max[0,(j—2)]
B e A e B Vo M 4 @p+n+3-0) (i+7+1)
()i — k)! = (M (p+q+2—2i—n)! 4p+g+2-2i)

p+n+3-i) >I+n+1)

{{(PJqurl2i77)(p+q4r22i77);7l(771)}5kj+[277(p+Q+2Zin)}‘sk,(jl 3n0- )}»M}

(53)
and one need only let j— ¢ to obtain the coefficient of cos(y)

,l.e.:
7/2
ST _
<§> 732115 (x)
% % in[p,q]+2) min(p,q] min[¢,i] .

2 (P+1) 5 7@+ 1) S ¢ (p+q—2i)!

§Z Z [sPIMFP M exp( ) > cos(x) > > Do Dig
p=04q=0 =0 i=max[0,({—2)] k=max|0,(¢(-2)]
L (—nf2l (p+q2-2) ()" 4 2p+n+3-i) (i+n+1)
(k)( —k)! =5 (Mi(p+q+2—2i—n)! 4p+q+2-2i)

p+n+3-0) QI+n+1)!
x{[(p+q+1—2i—n)<p+q+2—2i— m — a0 _1)}5k.é+[ZW(P+Q+2—2i—77)]5l<.(2—1)+Bn(n—n}ék.(Z—Z)} (54)

Here, note that the full integration involves the difference
[L12(0) — L12(x)] which yields terms containing [1 — cos’(x)]. When

¢ = 0, this quantity is identically zero and, hence, without loss of
generality, one may neglect the lowest term of the summation over
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and one need only let n — r to obtain the coefficient of (42)",

J J=it2

7/2

(2) / 732[L15(0)—L12(X)]= pz;)qz [sP]

(min(p,q]+2)

xMé””)ng“)exp(fg [1—cos‘(x)]
mirﬁ;q,r,(p+q+27r)]

(p+gq+2-max[0,(¢-2)]) r
: )

r=max|0,({-2)] i=max[0,(¢(—2)]
. (p+g-2i)! 8- 2
(p—Dl(g—0)! (r=D)i(p+q+2—i—r)! 4(pP+4+2)
(D)l 2(prg+3-0))! R A
@D (a3t o, (R

x { [(p+q+1—i—r)(p+q+2—i—r)—%(r—i)(r—i—n] s

h
e +2(r=1)(p+q+2—i-1)]0 (,_1)
3, . .
+ [j(r—l)(r—z—l)} 6,{,([2)}. (58)
Fig. 4. The geometry of tl‘:ezsummatlgnal transformation:
ZL j( +k = Z M )kamg-.;]xou 2)°
¢ and express the limits of the ¢ summation accordingly as has been
Following the above extraction of the various summations in the

done in what follows.
Lastly, one needs to extract the (42) summation. Shifting the 7
¢ and the directions of g, one has that:

indicated order, and after integration of the coefficient of [st?] over

index yields:

7/2
(E) 732[L15(0) — L (x)]

st
) (min[p,q]+2) minfp,q]  (p+g+2-i) ;
2 n (p+q — 2i)!
2D E SPEMP M T Vexp (—42 ) [1— cos’(x)] ) 2y =T 2
3 =0q= ( ) =1 i=max[0,((-2)] n=i ( ) (p—DHg -t

min(,i] ( . l)k

8i< -1 221 (n+1)! p+q+3-i)
] (i — k)!

X T - T
(n=Dip+q+2—i—m!4Prar2) 2+ 1) (p+q+3-D! | <&,

x{[(p+q+1in><p+q+2in>;mi)(nil)}éu

. . 3 . .
2= D+ q+2 - 1= Dk + 30— D0 = 1= Dbz } (55)
_16, (p+1)p1(a+1)
where it can be seen from Fig. 6 that: [ 5/2( )?’01 1’ 5/2(%2)(5 } 3 My M
minfp.g]  (p+q+2-i) (p+q+2-max[0,(¢-2)]) min[p.q.n,(P+q+2-m)] (min[p,q]+2) (p+q+2—max(0,(¢-2))) ©
- 3 , x Bpgre Q45 (1), (59)
i=max[0,((-2)] =i n=max|0,(¢—2)] i=max[0,(¢—2)] =1 r=max|[0,(¢-2)]
(56) where:
Thus:
5T\ 7/2 3 72 X (p+1) 04D 5 minp,g]+2) , (p+q+2—max|0,(¢-2)]) N
(%) P10 - L) - 33 e P VM Venp(a?) 31 - cos'co) )
=0q= (=1 7 =max|0,((—2)]
y mi““”"’”&”*q”’” (p+q - 2i)! 8i(— 1) 21 (4 1) Q2p+qg+3-0)
miGey P-DNG— D (- Dp T q+2—i-m)! 4P 2+ 1)l (p+q+3-10)
min(t (— 1)k . . 1. .
x (k),(l,){[(pwﬂ _l—ﬂ)(p+Q+2_l_n)_j(n_l)(n_l_l)}ék,(
k=max[0,(¢-2)] ’ :
(57)

2= )P+ 2= ey + 01— D= 1) 6k,<fz>},
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J=min[p,qJ+2

5
. mmwﬁﬁ g
f
Y
~
i
Fig. 5. The geometry of the summational transformation:
me[p .q) ZJHS _ ijl(l)'l[p ,q)+2) Z{r;ir;r[ﬂggov(eiz)].
5 min[p,q,r,(p+q+2-r)] (p 1q- Zi)!
pqre = YR
i=max[0,(¢—2)] (p—i)lg—1)!

y 8i(— 1)) 22r (r41)!

(r—=Dp+q+2—i—r)! 40+a+2) (2(r+1))!
L2p+g+3-iy W (1)

P+q+3-1) k= ma0.(t-2)] i — k)!
X {{(p+q+l —i-nNp+q+2-i-r1)
1 . .
—5r=Dr=i=1)|d
+R20-D)P+g+2—i-1)b ;1
3 . .
+ [i(r —i)(r—i-— 1)] 6,“([,2) } (60)

Here, we note that some simplification may be achieved in the
above expressions by taking advantage of the fact that ¢ > 1 implies
that one generally has max [0, (¢ — 2)] = (¢ — 2) except for a limited
number of specific cases that occur only when ¢ = 1 and which
must be excluded from the summations. These cases include when

=(-1) and r=(p+q+3), when i=(-1), and when k=(-1).
These cases may be excluded from the various summations via the
appropriate inclusion of Kronecker deltas in either Eq. (59) or Eq.
(60). Thus, it is equivalent to write:

NG RN (%%)%;gz] 5

16 (min[p,q]+2) (p+q+4-¢)

-y Y

=1 r=(-2)

Bore Q19(1), (61)

with:

A

r=ptg+2-max[0,(6-2)]

=min[p.q]
\.’X
X

=max[0,(6-2)]

Fig. 6. The geometry of the summational transformation:

Zmin[p .q)

1 (0.~ 2)]E(P+q+2 ) Z(p+q+2 max|0,(/-2)]) Elninm‘q,n,(p+q+27n)]‘
= X|

N =max[0,((—2)] i=max|0,(¢-2)]

1 1
hare = Mé“ )M§q+ )(1 - 5“(*1)) (1 B 6r’(p+“3))
minp.q.r,(p+q+2-1)] (p + q — 2i)!

SO DI v T U IS

i=(0-2)

y 8i(— 1)) 220 (r+ 1)
r—dl(p+q+2—i—r)4pP+a+2) 2(r+1))!

71.))! min[¢,i] ( 1)k

=((-2) (k)'(li )

L 2p+qg+3
(p+q+3fi)!

X {[(p+q+1—i—r)(p+q+2—i—r)

- 5= —i=1]a,
+ R =P +q+2—i—1)]0 -1

+ B(r —i)(r—i- 1)] (5,{7(,_;2)}(1 ~0n).  (62)

Further,whenr = (¢ — 2)itfollows thati =k =rand one has that the
last term in Eq. (62) is 0. Similarly, when r = (¢ — 1) it follows that
one haseitheri = k = (¢(—2)ori=rwithk =i=r = ({—1)or
k = (¢ —2).All of these possibilities again imply that the last term in
Eq. (62)is 0 and, thus, the two lowest terms in the r summation may
be omitted, i.e. one may write Eq. (61) as:

(P) (o2 Q) 2\ o
[sEL )% 6,5 (63)% 56,

16 (Minlp.gl+2) (P+g+4-0) (63)
= — B! 5 (1)
3 pqre 12 :
=1 =
which, makes the term (1 - oy, (—
may be omitted.

1))in Eq. (62) redundant such that it
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5. Derivation of a summational representation for the L,
bracket integral

Next, one considers the L; bracket integral of Eq. (14):
2 2 ’
sy, sihehee,] (64)

From Chapman and Cowling [1] one has that this bracket integral
may be expressed as the coefficient of [s"t?] in the expansion of:

(7)7/2 -3 / / / [, (0) — Ly (x)|ghdbdedy, (65)

where from Eq. (26) one has:
7/2
STN " 13721 (1) — Zexp [ — 72
(St) 7321 (00 = 5exp(~4?)

x;;s t'{M%+M2 +2M; Mycos(x (l)'

{0y M s Mot | {M2<n+1>(n+2>51ﬁ/22( ?)
+2(n+1)Ms (M1 +Macos (0l ) (%)

1+3/2

+{[M1+M2cos(x)]2—%M§[17cos (x)]} 510 2 (o )}.(66)

Again, the Sonine polynomials are consolidated using the definition
of Eq. (11) such that:

{M%(n + 1)+ 2817 (57)
+2(n+ )M My + Macos(0lsS25)) (5)
T {[M1 + Mycos()? M3 [1 - cos?(x)] } St 2(a%) }

(n+2) n¢ 2\1
_ (=D 4
B Z:O (M!(n+2—n)! 400+2)
2@i+n+3))!
“i+nt3)

(i+n+1)!
QA+n+ 1)

x{[(nJrl— n)(n+2—-nM? - ;(nq)Mg}
— [2M1Man(n + 2 — n)]cos(x)

3
+ [MBnn - ] cost . (67)

so that one has:

7/2

ST 32 — 2axn(_ 2

() =0 - 3exp( 7)

X Z Z tiMi 1\/12 [F+cos(x)] ‘M3

i=0n=

<n+2 1)71@2) (n+0) 4
x {[1 + Gt]s + t}" Z 2 i 405

Q(>i+n+3))
“i+nt3)

(l+n+ 1!
Qi+n+ 1)

x { [(n ST 2~ Jn0n - 1)M§}

— [2M1Man(n + 2 — m)]cos(x)

+ [3M3n(n - 1) cos2<x>}, (68)
— M)/ M.

where F=(M? + M3)/(2M;1M>) and G = (M,

To extract the summation over s, one first substitutes the
binomial expansion:

([ +Gtls + )" — fj( '?)[1 4 Gt D), (69)
) o\
such that:
/
(%) >u00 =3exn(-s?)

e | LA
(i+)) $(i+n—j) = _pgi pgi pqn
X st —M4 MM

; :;)j:o @

X

ifn i
F + cos(x)] (J,)[l + Gt}
(n+2) (ﬂz)<n+i) 47
,7:0( ><n+2 m! 4052)

2>i+n+3))!
(i+n+3)!

(i+n+1)
Q+n+ 1)

x {[(n+1 —n)(n+2—n)M%—%n(n—1)M§]

- RMiMyn(n+2 = mlcos(u) + [5MBn(n - 1) cos2<x>}-<70)

Then, shifting the j index one has that:

72
ST 32 _ 2 )
(3) 7>Pu00 = sexn(-?)

> Z i Z 21+n—])(2) Ml MZMZ

o 4 i ) (14 Gt)i=)
(n+2) 1)7; @2) (n+1) 47

) ,;0 (m)i(n+2 =)l 42

(2> +n+3))!
“i+nta)

(i+n+1)
Qi+n+ 1)

X {[(”H =) (n+2 - M3 *%n(nfl)Mﬁ}

~ RMiMa(n + 2 — n)lcos(x) + [3M2n<n >} cos2<x>}.<71>

As before, from Figs. 1 and 2, one can apply the expression from Eq.
(41) such that:

ST 7/277
st
2i

© j ©
% Zs] Z Z ¢(2i+n ])WMI MIZMEI

j=0 i=0n=(j—i
% [F + cos(x)]* ( i " i ) 1+ Gt]I=D

(n+2) l)” (gz) (n+i) 47

Z (Min+2—m)! 4n+2)
" (2(z+n+3))! (i+n+1)!
(i+n+3) Qi+n+1)

x {[(n+1 —n)(n+2-nM; f%n(nfl)l\/@}

- 2MiMan(n -+ 2 = mlcos() + [ 3M3n0n ~ 1) cos2<x>},<72>
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and one need only let j — p to obtain the coefficient of s?, i.e.:

7/2
(%) ™u = Sexe(-s2)
x ispzp: i (2i+n— piMzMzMn
p=0 i=0n

x [F + cos(x)]! ( (p'i i ) 1+ Gt]P~D

(n+2) ( o 1)17 (ﬂz)(n“) 4n

. 772::0 (Mi(n+2 —n)! 40n2)

(2> +n+3))!
“itn+3)

(i+n+1)
Qi+n+ 1)

x { [(" +1-n)(n+2-nM3 - %n(n - 1)1\/1%}
— [2M1Man(n + 2 — n)]cos(x)

+ [pMBnn 1) cos2<x>}. (73)

Now, to extract the summation over t, one substitutes the
binomial expansion:

(p-i) (Zp ~ (-1

—1) __ W W

1+ Gt] 7w:0( w )G tv, (74)
such that:

From Figs. 7 and 3 one has that:

> -y Yy o )

x (?—;![F +cos(y))} ( B ?p_—zii)_ Y ) ( (p‘; ! )

o (p+n+2-2i—w) (- 1)7; (ﬂz)(nﬂ)
=5 Mp+n+2-2i—n—w)!
4n 2p+n+3—1i)—2w)!
X 422w (pyn+3—i-w)

i+n+1) .
xw{[(p+n21+1nw)
. 1
x(p+n—21+2—n—w)1v1%—jn(n—nMg
— 2M{Man(p+n+ 2 —2i—n—w)]cos(x)

+ [3MBnn 1) cos2<x)}, (78)

(g) 7/271—*3/21.1 ) = %exp(_Jf) ;K;SP lzp% j:z: :zw: 2i+n—p+w) Ml M M2 (2) IF + cos( X)] ((pn l)) ((pv; i) )GW

2(i+n+3))

(i+n+1)

n+2) . l)"(gz) (n+i) 47
g ,,2:: (Min+2—m! 42 (i+n+3)!

Q+n+ 1)

{{(n+l —n)(n+2-nM? —%77(77— 1)’”%}

- MiMyn(n 42~ n)lcos() + [SMBncn 1) cos2<x>}. (75)

Then, after shifting the n index, one has:

(ST> 7/2
— ™
st

I M-u

p o
tnM' M' p+n 2i-w)
S5.%

+i)
[F+cos (p+n—7211) ))((in))

o (p+n+2-2i—w) l)” (ﬂz) (n+i)
=5 (n)!(p+n+2 2i—n—w)!
41 2p+n+3—i)—2w)!

X 22w (prnt3—i—w)

(i+n+1) .
. 1
x(p+n—21+2—11—w)M%—jn(n—l)Mﬁ}
— [2M{Man(p +n + 2 — 2i — n — w)]cos(x)

+ Bvaen -] cos2<x)}- (76

and one need only let n — g to obtain the coefficient of t4, i.e.:

[p.q)

(g)m 2L, (x) = 2exp( )i; fi mZ
= &

i=0
MR g a2 2! .
x MiM5My W[F+cos(x)}’
w=0
— 2 i — —i (p+q-+2-2i-w)
(P (e
n=0
(-1 (JZ)(UH') a
(p+q+2—2i—n—w)! 4p+q+2-2i-w)
p+q+3—-i)=2w)! (i+n+1)!
p+q+3-i-w)! (2i+2n+2)!

]
(
(
{[(p+q 2it1-n-wW)(ptq-2i+2- 1w

T
L2

—577(71 1)M2} 2MMan(p+q+2 —2i—n—w)]cos(x)

+ [%M%n(n - 1)} COSZ(X)}- (79)
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To extract the cos(y) summation, one must first factor out powers of

the cos(x) from the last term as a summation over Kronecker deltas
[22] in the following manner:

72
(%) =*ruw
min[p,q] min[(p—i),(q—i)]

= gexp( > i i Sptq] Z Z M§M£M£p+q_2i_w>

i=0 w=0

p+q—-2i—w)\ /(p—1) W(P+Q+2—2i—w) (71),7@2)(,,”)
P=1 >< w )G 2, M(p+q+2-2i—n—w)

47 RPp+qg+3—i)—2w)! ([i+n9+1) &
"4 2w (prqr3-i-w)! (2i+2712) ZCOS'(X)

2A
( i [F +cos(x)]! (

n=0

x H(p—i—q—Zi—H —n-W)(pP+q—2i+2—n-w)M? —jn(n— 1)M§}aj,o
, 3
- MMz (p @ +2 - 20~ 0~ wldy + [3M3n0n - 1] .

Substitution of the binomial expansion:

[F + cos(x)]' = zl: (L)FU—’Ocos"(x),

k=0

then yields:

7,2
ST _
(%) e

5 © = minpg i oo, min[(p—i>,<q—i>] 2 /i a2 ik
— k) 1 i 1—K
- —exp( ) g g [sPt9] ,:ZO Z Zcos W;O @(k)M M,M) F
o ((p+Q*217W)>((p71)>GW p+q+i217w) (_1)11@2)(71“') 4n Q2 +q+3—i)—2w)!
(p—1) w =0 MP+a+2-2i-n-w)4piar2-2w) - (pq+3—i—w)
i+n+1)! . . 1
X g (a2 1 == WP+ a - 20+ 2~ n—wiM? — 30— 1M 30

. 3
~ MMy (p -+ +2 - 20— 0~ Wl + [Mnn — 1[5 .

which, following a shift of the j index, becomes:

7,2
ST _
(&) =*uw

2 © minp.q] i (k+2) min[(pfi),(q—i)] 90 /i X
= 300(-s )Z Zspfq] 22> cod() 3. ﬁ( )MIM'MW —W)E(ik)
=0g= = =0 j=k w=0 (DN k
5 ((p+q72hw)> ((pd))cw "“”iz"v” (—1)"(z2)"" o
(p—1) w = P +q+2-2i—n—w)l4piai2-2iw)

X(2(p+q+3—i)—2w)! (i+n+1! f
P+q+3—-i—-w)! (2i+2n+2)!]

. 3
—2M{Man(p+q+2—-2i—n— W)}(Sk’(i,]) + {EM%H(T] — 1):| 5,(1(]',2)}.

2

Again, using Eq. (52) obtained from Figs. 4 and 5 yields:

{(p+q—2i+l—n—w)(p+q—2i+2—n—w)M1 -z

1)M3 | 8y

165

(80)

(81)

(82)

(83)
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ST 7/2 3 2 ) % oo (min[p.q]+2) ) min(p,q] minlj,i]
() =2Puoo =3em(-?) > Y@ > s>
p=0q=0 j=o i =max[0,(j—2)] k=max[0,(j—2)]
min[(p—i),(q—i)) 2 (p +q-— 2 _ ) (p _ i) (p+q+2-2i—-w)
x Zo( )M MEMP AR R ( )( )GW
g (1)!(/<) (p-1 w n;)
(- 1)"(4?) (1) 4n QRp+q+3—1i)—2w)! (i+n+1)

M P+q+2—2i—n—w)4pa2 2w (prqi3—i—w)! (i+2n+2)

{[(p+q 2i+1-n-W)(P+q-2i+2—n-wM; — ;(n—l)M%}ékj
. 3

~ MIMan(p + 442 = 26~ 1= Wi, + [3MB00 D)ok . (84)

and one need only let j— ¢ to obtain the coefficient of cos’(x), i.e.: . o .
vieti= ) Lastly, one needs to extract the (42) summation. Shifting the n index

yields:
ST\ 7/2 2 © o
(E) 7321 (x) = exp( ) 37D isPea]
p=0q=0 ST\ 7/2 2
(minjp.gJ+2) minjp.q min[t (3) T32[(0) ~ Li (0] = exp(—s?)
x Y cos(y) ) .
(=0 i=max[0,(¢-2)] k=max[0,({—2)] ®  ® (min(p,q]+2) , min(p.q]
min((p-i).(a-0)] i / ; ‘ x> > B > [l-cos'co] >0
y Z 7( i >M,~ Mi M P+a-2i-W) p(i-k) p=0g=0 =1 i=max|0,(¢—2)]
= (ON\k) TR min((p zz: q-i)] (p+q+22fifW>( 2)71 min[¢,i
. . (p+q+2-2i-w) X I
5 ((P+Q*2'I*W)><(P*1))Gw 3 we a=i k=max[0,((—2)]
(p—1) w 1=0 20 2i-w) i
; x =M MbMP a2 W) pli-k)
)17 (gZ)(TH'l) 40 (l)' 2
M +q+2—2i—n—w)l 4prar2-2w) " (l) ((PHI—Z}'—W)) ((P—i))GW
LQp+g+3-i)-2w) (i+n+1) k (p—i) w
P+q+3—i—-w)! @i+2n+2) y (— 1D 4(n+)
MmM=D!(p+q+2—i—n—w)! 4p+a+2-w)
X{{(p+q721+1fan) LRP+g+3-i)—2w)! (n+1)!
p+g+3—-i—-w)! (2n9+2)!
x (p+q—2i+2—1—-w)MF —5n(n— 1)M3 |8 . .
2 ‘ x {(p+qu+1fnfw)(p+qfl+27nfw)1\/1¥
— M {Man(p + q + 2 = 2i — 1 — W)]0y (o_1)
3 1 . .
+ M0 )b o - (85) - 30—~ i 13 o,
As before, note that the full integration involves the difference —MiMz(n = )P+ +2 —i =1 = W)|o 1)
[L1(0) — L1(x)] which yields terms containing [1 — cos’(x)]. When 3 5 . .
¢ = 0, this quantity is identically zero and, hence, without loss of + {EMZ (=i —i- 1)} 61%(5—2) : (87)
generality, one may again neglect the lowest term of the summation
over ¢ and express the limits of the / summation accordingly. Thus: From Figs. 8 and 6 one has that:
7/2
ST _
(%) ™ 2m© - Lt
(min[p,q]+2) min[p,q| min[(p—i),(q—i)] (p+q+2—2i—w) (n+i) min[¢,i]
- —exp( ) z Z P9 > [1—cos'(x)] >, Z (gz>
p=0qg= (=1 i=max[0,(¢-2)] w=0 n:nO k=max[0,(¢-2)]
20 i i g (p+g—2i— W)( k) p+q-2i—-w)\((p—1 (=1 4"
MM R0 () (P w ) T ar2-2i-n—w) araz

Rp+qg+3-i)-2w)! (i+n+1)!
P+q+3—i—-w)! (2i+2n+2)!

. ) 1
{[(p+q—21+1—n—W)(p+q—21+2—n—W)M%—in(n—l)Mﬁ}ék,z

. 3
~MIMan(p + 042~ 26~ 0= Wb e 1)+ [GMEn0n— 1|2 . (86)
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min[p.q| min[(p—i),(q—i)] (p+q+2—i-w) (p+q+2-max|[0,(£-2)])

S S

i=max[0,(¢-2)] w=0 n=i 7 =max|[0,(/—2)]
min(p.q.n,(p+q+2-m)] min[(p—i),(q—i),(p+q+2—i-n)]
x > . (88
i=max[0,((—2)] w=0
such that:

() w22100) - L) = 2ew(—?)

St
i i s
p=0gq= =1

(p+q+2—max[ ,(6-2)])

<> (@)

n=max|0,(¢{-2)]

min(¢,i] min((p—i),(q—

(min[p,q]+2)
[1—cos(x)]

min[p.q.n,(p+q+2-n)]

i=max[0,(¢(—2)]

0),(p+q+2—i-n)]
X
k=max[0,(¢-2)] w=0

L2 MMM Wk

i WYY
w

) (k) ((p+?p_—2ii>_
i 4(+)

(_1)(77*1)
=P rq+2—i—n—w)aprai2-w)
LQp+g+3-i 2w (+ 1)

p+q+3—-i-w)! (2n+2)!

x {[(p+qi+1nw)(p+qi+2nW)M%
1. 5
72(1771)(177171)M2 Ok
—RM{Ma(n—D)(p+q+2 —i—n—wW)]0 1

+ M= == D]z (89)

and one need only let n — r to obtain the coefficient of (42)", i.e

=0

W

w

Fig. 7. The geometry of the summational transformation:

ng X0 Zn (w+i) Zn xzmm[ P ')]

7/2
(%) ~*Pmo - L -

© (min(p,q]+2)
X Z Z [sPt9)
p: =

[1 - cos(x)]
(p+q+2 max|0,(¢—2)]) ,
< > ()
r=max[0,(¢(—2)]
min[4,] min[(p—i),(q—i),(p+q+2—i-1)]

X > z::

k=max[0,(¢-2)]

son( 1)

~

=1
¢ min[p.q.r,(p+q-+2-1)]

i=max[0,(¢—2)]

% 271\/11 M£M§p+Q—2i—w)F(,’,k)
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w

) (k) ( o ?p_—zig :
4(r+)

(="
TP rqr2—i—r—w) abra2-w)
y Rp+q+3-1i)-2w)! (r+1)!

p+q+3—-i—-w)! (2r+2)!

X {[(p+qi+1rw)(p+qi+2rw)M%
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- 3D i DME|d — MM D(p g+ 2 -

Wby + [ M0 zl)}ék,w_z)}. (90)

Now, after integration of the coefficient of [sPt?] over ¢ and the
directions of g, one has:
Sl (2
[sehde s, sthehes,|
16 (min[p,q]+2) (p+q+2—max[0,(¢—2)]) o
=3 > D Bug @50, (o1)
(=1 r=max[0,({-2)]
where:
min(p,q.r,(p+q+2-1)] min(,i] 92r

2
k=max|0,(¢(-2)] 4(pra+2)

/
pqre =
i = max[0.(¢—2)]

(min(p,q,(p+q+2-r1)]-i)

y 8i(p+q—2i—w)

2 - i-w)ig—i—w)
(=1 (r+1)
(r—l)'(p+q+2—l—r—w)' (2r+2)!
X(2(p+q+3—1)—2w). 1 1
(p+q+3—i—w)! )i — k)! (w)!
« 22w-2) p(i- GWMI MlMp+q 2i— W)4

X {[(p+q+1—i—r—w)(p+q+2—i—r—w)M%
—%(r—i)(r—i—l)Mg}éw— [2M;My(r —i)(p+q + 2

. 3 . .
—1—-T— W)]6k7(571) + |:§M% (r — l)(r —1— 1):| 51{,([2)}' (92)
Now, one may introduce Pochhammer’s notation [23,24] which is
defined as:

I'(z+n)
(Z)n F(Z)

such that:

z+n-1)!
- (z—l)!)’ (93)
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min[(p—i).(g—i)]

0

W=

w

Egs. (91) and (97) and simplify the limits of the summations such
that:

(P) (2\ep e (@) (2\er <
Sy (@€ %, Sy (7 )‘51‘51] 5
16(mir1Lp«,c;{]+2) (p+q+4-1) ®
=3 2 2 B0 (98)
=1 r=/¢

and:
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Fig. 8. The geometry of the summational transformation: ) X (p+q+3- l = Wy 20@w=2)gw
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@+ D x kf%‘iZ) (k)!(i—k)!(] O 1) )4
Using this notation, one may write: B
. . 2
(z—w)! (2)! (95) x{[(p+q+1—l—r—w)(p+q+2—l—r—W)M1
T o(z—w+1),)
1 . .
and: —5(r=i)(r—i- 1)1\/15}6,(1[
(22)! —RMiMa(r =) (p+q+2 —i—1 —W)]0y (1)
(2z —2w)! = ' : (96)
(2z-2w+1),2z-w+1), + EM%(r —i)(r—i-— l)] (5,{,@,2) } (99)
such that Blgqr[ may be expressed as:
, B min[p.q,r,(p+q+2-1)] min[(,i] 22r Sl(p +q- 21)| ( _ 1)(T+i)
pare = — — ——
i=max[0,(/-2)] k=max[0,(¢(-2)] 4lptar2) P-DNg-Dt(r=Dl(p+q+2—i-7)
D! 2(p+q+3-1)! (minp.q-Grqr2=0l=0 ) 1 i w),(q+1—i-w), FiK
2r+2)! (p+q+3-1i) = Wip+q+1-2i—-w),,  R)![i-k)!
(PHa+3-i-T-Wy Sow2cw_ PH+q+4-i-w),

“Rprq+3-h-2wt1),

2p+q+3-i)—w+1),

x MQMQMQW*Z"*WM{ [(p Hq+1—i—r—W)(p+q+2—i—r-w)M; 7%(# i) —i— 1)1\/15} O

. . 3 . .
~ MM~ P+ 2= =T = W1+ [GMET =i 1) . (©7)

Here, except for a factor of (—1)" and the mass- and w- depen-
dencies in the last term, the terms preceding the summation over
w are the same as those obtained for ngr[ in Eq. (62) and the
entire mass dependence of By, has been collected inside the
summation over w. Again, using the same logic that was used to
obtain ngm in Eq. (62), one can introduce Kronecker deltas into

Here, again, simplification of the lower limit of the r summation has
made the factor (1 — 6, (—1)) redundant. Now one may consider
some additional simplification of ngré and B;,W. In both cases the
summations over k contain, at most, three terms corresponding to
k= ((-2),k=(¢-1),and k = ¢. Expanding and consolidating
the k summation in Eq. (62), one has that:
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min[¢,i] k
(-1 e e _1 Y
z)m(l—ékw) (P+q+1—i=)(p+q+2—i—1)—5(r=i)r—i-1)|d,
. . 3 . .
+2(r =) (p+q+2—i-1)]0k 1)+ {i(r —i)(r—i- 1)} 6k,(£—2)}
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such that:
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—2£(i+2—£)(r—i)(p+q+2fifr)}. (101)
Expanding and consolidating the k summation in Eq. (99), one has that:
min[¢,i] Fli—k) . . 5 1 . . 2
2)(,{)!(1._,0!(16,<4(_1)>4{{(p+q+11rw)(p+q+21rw)M12(r1)(r11)M2}6,<1
. . 3 . .
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such that:
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2(p+q+3 i) MPIRLEIID p 1 —i—w),(q+1-i-w),
X ————— )
p+qg+3-i) = WIp+q+1-2i-w),
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1 . .
F2(1+lf£)(l+2—€) p+q+1—-i—-r—-w(p+q+2—-i—r—w)— 2Mz(r )(rll)}} (103)




170 R.V. Tompson et al. / European Journal of Mechanics B/Fluids 29 (2010) 153-179

In Eq. (103), the mass- and w-independent portion of B;,q,(, is essen-
tially identical to the mass—independent portion of B, ot in Eq. (101)
except for an absent factor of (— 1) which is present in B due to the
additional factor of (—1)¥ noted previously and the now mass- and w-
dependent term containing the Kronecker deltas from the extraction
of powers of cos(x). Here, one can see that the total power of M
contained in the combined i and w summations (or total power of 1/2
in the limit when M1 = M, = 1/2 where w = 0)is simply p + q + 2. The
quantities F and G make no net contribution to this total power of M
although they do adjust the specific powers of M; and M, that
contribute to it such that the mass dependence of each term ends up
being a polynomial in various products of M?Mé’ where
a-+b=p+ q+ 2. This is the total power of M that one expects to see
out of this derivation and is the same as the total power of M seen in
the previous derivation of the L1, bracket integral expression. Thus,
both derivations are consistent with the combinatorial rule for
generation of the simple gas bracket integral as described in Chapman
and Cowling [1] and in our previous work [18,20]. The extra factor of
(—1)! that was generated in B;J’qré during the process of expanding and
consolidating the k summation and which is not present in the
expression for B;,qu is, again, expected in light of the combinatorial
rule for the simple gas bracket integral which is discussed next.

6. Derivation of a summational representation for the simple
gas bracket integral

Lastly, the simple gas bracket integral is considered. Here,
a combinatorial rule is used to generate an appropriate expression for
the bracket integral from the Li; and L; bracket integrals derived
above. The appropriate combinatorial rule from Chapman and
Cowling [1] is:

1) ( 2\ or @) (200
EAGILESACH AR
= { [5(51?2(%%)% %1 5(532(%”%)%2?2] 12

+[5(5/2((/2) 1%175532(/%)%1%1]12}’:11 —my -

01 =0y

(104)

From this, it is apparent that the use of Eqgs. (101) and (103) yields:

[sg}z (#3)€%, Sy (47 )%{f]} 1

16(mir1[p,q]+2) (p+q+4— /)

=3 > > (){B”qr/+ pqrf}

=1 r=/¢

, (105)

my=n,

where Q%I)(r) are the simple gas omega integrals which can be
obtained directly from the definition of the omega integrals given
by Egs. (19) and (20). Since in the limit of m; =m; one has that
M;=M;=1/2 such that w=0, since (M; — M) — 1, and since
(2)o=(z—1)!/(z—1)! =1, one has from Eqgs. (101) and (103) that:

such that the simple gas bracket integrals may be expressed as:

Lo
sE @6, S e @,

16 (minfp.q]+2) (p+q+4-¢)

=3 X 2 Bad'o (107)
=2 r=/¢
in which:
/11 1 (ptq+2) 22r
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X
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—24(”2—é)(r—i)(p+q+2—i—r)}. (108)

Here, as expected, a factor of [1+ (—1)] is present which results
in the elimination of all of the terms associated with odd values
of ¢ and generates an additional factor of 2 in all of the terms
associated with even values of ¢. This is reflected in the adjust-
ment of the lower limit of the ¢ summation from ¢ = 1to ¢ = 2
and the dropping of the various redundant functions containing
Kronecker deltas since, with ¢ > 2, one always has that r = (—1),
r«(p+q+3)andi=+(-1).

7. Summary of the general bracket integral expressions

In summary, one has the following general summational
expressions for the viscosity-related bracket integrals. First, the Ly,
bracket integrals of Eq. (13) are expressible as:

{ngr qrﬁ}

(-1 (p +q — 2i)!

2 4(p+q+2
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A
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(106)

+s(l—-1r—i(r—i—1)— 2€(i+2—E)(r—i)(p+q+2—i—r)} ,
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16(min[13,q]+2 (p+q+4—1)
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=1

Bhor Q15(1), (109)

in which:

1 1)
pqr/*lw(er )M((H (1 Or P+Cl+3)>

X

(recall the definitions F= (M3 +M3)/(2M1M>) and G =(M; - M>)/
M) and third, the simple gas bracket integrals of Eq. (12), which
are obtained by appropriate combinations of the Li» and Ly
bracket integrals, are similarly expressible as:
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Second, the Ly bracket integrals of Eq. (14) are expressible as:
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To complete this summary of the current results, note that in Egs.
(110) and (112) one has the the gas mixture omega integrals that
were defined previously by Egs. (17) and (18) for collisions between
unlike molecules in the mixture as:

: 1 20kT \12_ 7
o = 5 iy (—m0M1M2) 2/ exp(—f)jzr”)
0

X/[1 —cos' ()] (b/o12)d(b/012)dy, (115)
0

while in Eq. (113), where collisions in the mixture are between
like molecules of a single species, one has the simple gas
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omega integrals which were defined previously by Egs. (19)
and (20) as:

kT 1/ r
- <m71> 2/ exp(fgz)g(z””
0

x / [1 - cos’(x)] (b/o1)d(b/a7)dg.
0

QP (r)

(116)

All of the other various notations employed in Eqs. (109)-(116)
have been defined at various points in the body of this
document.

8. Explicit expressions for the viscosity bracket
integrals up to order 5

In most of the computer codes implemented to date that utilize
bracket integrals in their calculations, the emphasis has been on the
use of explicit bracket integral expressions up to orders 1, 2, or at
most, 3. The reason for this is that the complexity of the explicit
expressions has made them difficult to derive reliably by hand. This
complexity increases so rapidly, in fact, that we have found that it is
largely impractical to report explicit bracket integral expressions in
the open literature beyond the lowest orders even when they are
organized into compact form as we have done in what follows.
However, insofar as such explicit expressions can be reasonably
reported in the literature, they are valuable from the point of view of
having them available for general use in the existing computer
codes. Further, having such explicit expressions reported in the
literature, even to limited order, has a certain archival value in the
field where work continues with a variety of different intermolec-
ular potentials. Thus, in this section, we report a set of completely
general and explicit expressions for the bracket integrals necessary
to complete the Chapman-Enskog diffusion and thermal conduc-
tivity solutions up to order 5. Additionally, we note some basic
relationships that occur between the various bracket integrals that
make them more tractable to generate and manipulate in the
context of the Chapman-Enskog solutions.

Of the three needed bracket integrals, the L bracket integrals of
Eq. (14) have the most complicated dependence upon the molec-
ular masses of the mixture constituents. Thus, while having general
expressions for these bracket integrals would have proven most
useful in terms of deriving general expressions for the remaining
two bracket integrals, we actually began above with the derivation
of the L1y bracket integrals of Eq. (13) where the mass dependence
is rather simple. Thus, in this section on explicit bracket integral
expressions we follow the pattern established above and report
explicit expressions for the L, bracket integrals first. We then
follow these with explicit expressions for the Ly bracket integrals
and the simple gas bracket integrals in that order. Note that for
order 5 viscosity bracket integrals, one requires only p,q € (0,1, 2, 3,
4). Thus, for the L1, bracket integrals up to order 5, one has:
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Next, we con51der the Ly bracketintegrals of Eq. (14). Foreach (p, q),
these may be used to generate the corresponding L;, expressions in
Egs. (117)-(131) above. In general, the expressions for the L; bracket
integrals consist of a series of terms each of which is associated with
a specific omega integral. Each of these omega integral terms also
contains a sign, a constant factor, and some function of M1 and M. The
conversion process from the L; expressions to the Ly, expressions is
quite straightforward as the magnitude of the numerical coefficients
associated with each omega integral term are the same from the L,
expressions to the Li; expressions. The differences are in the distri-
butions of the constituent masses and the signs of the terms. Since the
same omega integrals must occur in both the L; expressions and the
L1, expressions, the total number of omega integral terms must be the
same in each and there is, in effect, a one-to-one correspondence
between terms. The sign difference between corresponding terms is
dependent only upon ¢ and the appropriate sign transformation is to
multiply each term in the Ly expressions that follow by a factor of
(—1)*. The distribution of constituent masses is much simpler in the
L1 expressions than in the L; expressions. In the L1, expressions given
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above in Egs. (117)-(131), the distribution of the constituent masses is
exactly the same in every omega integral term for a given (p, q) and
amounts to nothing more than a common factor of (Mt PMP+1)) in
each expression. Thus, overall, the appropriate transformation from
the L; expressions that follow to the L;; expressionsin Egs. (117)-(131)
is to first set M; = M, =1 in each term in the L, expressions, second to
multiply each expression with the appropriate common factor of
(M@ DMP+D), and third to multiply each term by a factor of (—1)".
When the above prescription is followed, the expressions below yield
the corresponding Lq, bracket integrals reported in Eqgs. (117)-(131).
The explicit expressions for the L; bracket integrals up to order 5 are:
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Now that the L1 and Ly, bracket integrals up to order 5 have been
explicitly expressed, they can be used to generate explicit expres-
sions for the simple gas bracket integrals up to order 5 via the rule
of Eq. (104) exactly as was done for the general simple gas bracket
integral expression of Egs. (107) and (108). Under the rule of Eq.
(104), one has that M;{=M;=1/2 and the simple gas bracket
integrals are then mass independent except for the presence of
a single m; in the simple gas omega integrals. Since, for any given
(p, q) all of the terms in the pairs of corresponding Ly and Ly
bracket integral expressions have the same total power of the
constituent masses, substitution of M; = My =1/2 simply yields an
additional constant factor for the corresponding pairs of expres-
sions of (1/2)P*9+2, The difference in the signs of the terms in the

corresponding expressions due to the factor of (—1) has the effect
that all terms involving omega integrals with odd values of ¢ cancel
exactly and all terms involving omega integrals with even values of
¢ add identically to produce an additional factor of 2 in each
surviving term. Thus, it follows that for the simple gas viscosity
bracket integrals of Eq. (12) that one has:
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9. Discussion and conclusions

Our purpose in this series of papers[17-21] has been to explore the
use of Sonine polynomial expansions to obtain high-precision
numerical results for the transport coefficients and the related
Chapman-Enskog functions for simple gases and gas mixtures that
are free of numerical error. In the current work we have presented
summational expressions for the viscosity-related bracket integrals
needed to compute the associated Chapman-Enskog solutions to any
arbitrary order of expansion in terms of Sonine polynomials. The
summational nature of the expressions derived in this work will yield
greatly improved computational efficiencies in determinations of the
viscosity-related matrix elements associated with our current Math-
ematica®-based programs and will undoubtedly prove substantially
more conducive to use in computations that do not involve the use of
Mathematica® but which, rather, employ the Fortran, C++, or other
programming environments directly. In addition, the derived
expressions which we have reported here clearly show exactly which
omega integrals are needed in each (p, q) element of the coefficient
matrix for a given order of the Sonine polynomial expansion
approximation, m, which we have found requires some additional
effort to extract using the term-by-term, expand-and-compare
method that we have used in our previous work [17-20] based on the
methodology originally suggested by Chapman and Cowling [1]. The
work completed so far enables future investigations on ternary and
more complicated gas mixtures and use of realistic potentials, and we
plan to report on such results in the future.
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