
lable at ScienceDirect

European Journal of Mechanics B/Fluids 29 (2010) 153–179
Contents lists avai
European Journal of Mechanics B/Fluids

journal homepage: www.elsevier .com/locate/e jmflu
Chapman–Enskog solutions to arbitrary order in Sonine polynomials V:
Summational expressions for the viscosity-related bracket integrals

R.V. Tompson, E.L. Tipton, S.K. Loyalka*

Nuclear Science & Engineering Institute and Particulate Systems Research Center, University of Missouri, Columbia, MO 65211, USA
a r t i c l e i n f o

Article history:
Received 19 March 2009
Received in revised form
21 October 2009
Accepted 21 October 2009
Available online 4 November 2009

Keywords:
Rarefied gas dynamics
Kinetic theory of gases
Boltzmann equation
Chapman–Enskog solutions
Sonine polynomials
Arbitrary gas mixtures
Viscosity
Bracket integrals
Omega integrals
* Corresponding author.
E-mail address: loyalkas@missouri.edu (S.K. Loyalk

0997-7546/$ – see front matter � 2009 Elsevier Mas
doi:10.1016/j.euromechflu.2009.10.002
a b s t r a c t

The Chapman–Enskog solutions of the Boltzmann equations provide a basis for the computation of
important transport coefficients for both simple gases and gas mixtures. These coefficients include the
viscosity, the thermal conductivity, and the diffusion coefficient. In a preceding paper on simple gases (I),
we have shown that the use of higher-order Sonine polynomial expansions enables one to obtain results
of arbitrary precision that are free of numerical error. In two subsequent papers (II–III), we extended our
original simple gas work to encompass binary gas mixture computations of the viscosity, thermal
conductivity, diffusion, and thermal diffusion coefficients to high-order. In a fourth paper (IV) we derived
general summational representations for the diffusion- and thermal conductivity-related bracket inte-
grals and provided compact, explicit expressions for all of these bracket integrals needed to compute the
diffusion- and thermal conductivity-related transport coefficients up to order 5 in the Sonine polynomial
expansions used. In all of this previous work we retained the full dependence of our solutions on the
molecular masses, the molecular sizes, the mole fractions, and the intermolecular potential model via the
omega integrals up to the final point of solution via matrix inversion. The elements of the matrices to be
inverted are, in each case, determined by appropriate combinations of bracket integrals which contain, in
general form, all of the various dependencies. Since accurate expressions for the needed bracket integrals
have not previously been available in the literature beyond orders 2 or 3, and since such expressions are
necessary for any extensive program of computations of the transport coefficients involving Sonine
polynomial expansions to higher orders, we have investigated alternative methods of constructing
appropriately general bracket integral expressions that do not rely on the term-by-term, expansion and
pattern matching techniques that we developed for our previous work. It is our purpose in this paper to
report the results of our efforts to obtain useful, alternative, general expressions for the bracket integrals
associated with the viscosity-related Chapman–Enskog solutions for gas mixtures. Specifically, we have
obtained such expressions in summational form that are conducive to use in high-order viscosity
coefficient computations for arbitrary gas mixtures and have computed and reported explicit expressions
for all of the orders up to 5.

� 2009 Elsevier Masson SAS. All rights reserved.
1. Introduction

The Chapman–Enskog solutions of the Boltzmann equations
provide a basis for the computation of important transport coeffi-
cients for both simple gases and gas mixtures [1–15]. The use of
Sonine polynomial expansions for the Chapman–Enskog solutions
was first suggested by Burnett [16] and has become the general
method for obtaining the transport coefficients due to the relatively
rapid convergence of this series [1–8,16]. While it has been found
that relatively, low-order expansions (of order 4) can provide
a).

son SAS. All rights reserved.
reasonable accuracy in computations of the transport coefficients
(to about 1 part in 1000), most existing computer codes do not use
these solutions beyond order 2 or order 3 as the relevant expres-
sions rapidly become increasingly complex and have not been
available as general, explicit expressions in terms of arbitrary
potential model (via the omega integrals) in the past. Recently, our
investigations of simple gases and gas mixtures [17–21] have
allowed us to pursue Chapman–Enskog solutions to relatively high-
orders computationally using Mathematica� and, thus, accurate,
completely general, expressions have been obtained and used by us
up to order 60 for the viscosity-related bracket integrals and up to
order 70 for the diffusion- and thermal conductivity-related
bracket integrals. We note that our initial work focused on the
generation of the necessary bracket integral expressions via
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a method suggested in Chapman and Cowling [1] that is best
described as a term-by-term, expansion and pattern matching
technique. Since this method is relatively expensive in a computa-
tional sense due to the size of the higher-order bracket integral
expressions, and since the size and complexity of the general
expressions for the bracket integrals for gas mixtures makes them
impractical to report explicitly in the open literature beyond the
lowest orders even when organized into compact form, it is clearly
desireable to have an alternative means of generation for the
needed general bracket integral expressions that is both more
compact and less cumbersome to implement as increasingly higher
orders of approximation are employed in computations of the
transport coefficients. Previously, we have reported the results of
our efforts to develop a set of completely general expressions for
the bracket integrals necessary to obtain Chapman–Enskog diffu-
sion and thermal conductivity solutions up to any arbitrary order of
expansion [21]. These results were presented as summational
representations that might be implemented efficiently in a variety
of different computational environments. Thus, in this paper we
report on the results of our efforts to develop an additional set of
completely general expressions for the bracket integrals necessary
to obtain Chapman–Enskog viscosity solutions up to any arbitrary
order which we have, again, been able to present as compact,
summational representations that are straightforward to imple-
ment efficiently in a variety of different computational environ-
ments. In the following sections we describe the basic relationships
relevant to the Chapman–Enskog solution for viscosity, the role of
the bracket integrals in these solutions, the details of our derivation
of alternative, summational, expressions for the viscosity-related
bracket integrals, and explicit, precomputed expressions for the
bracket integrals up to order 5 for use in existing computer codes
where such are needed but have not previously been available
beyond order 2 or order 3.
2. The basic relationships

Following the work and notations of Chapman and Cowling [1],
as used in our previous work [18], we note that for binary gas
mixtures the viscosity may be expressed to some order of
approximation, m, in terms of Sonine polynomial expansions as:

½m�m¼ p
�

x1bðmÞ1 þ x2bðmÞ�1

�
; (1)

where x1¼ n1/n and x2¼ n2/n are the component mixture fractions,
n1 and n2 are the component number densities with n¼ n1þ n2

being the total number density of the mixture, m1 and m2 are the
component molecular masses with m0¼m1þm2, p is the hydro-
static pressure, k is Boltzmann’s constant, T is the temperature,
M1¼m1/m0, M2¼m2/m0, and in which the quantities b–1

(m) and b1
(m)

are expansion coefficients determined by solving the following
system of algebraic equations:

Xþm

p¼�m
ps0

bpbpq ¼ bq ðqs0Þ; (2)

in which:

b1 ¼ �
5
2

n1

n2; b�1 ¼ �
5
2

n2

n2; bq ¼ 0 ðqs� 1Þ: (3)

We note that we have dropped the superscript (m) on the expan-
sion coefficients bp

(m) as is done in Chapman and Cowling. In matrix
notation, this system of equations may be written as:
Bb ¼ b; (4)

where:

B ¼

2
6666664

b�m�m / b�m�1 b�m1 / b�mm
« 1 « « 1 «

b�1�m / b�1�1 b�11 / b�1m
b1�m / b1�1 b11 / b1m

« 1 « « 1 «
bm�m / bm�1 bm1 / bmm

3
7777775
; (5)

b ¼

2
6666664

b�m
«

b�1
b1
«

bm

3
7777775
; and b ¼

2
6666664

0
«

b�1
b1
«
0

3
7777775
; (6)

and where, as the order of the expansion, m, increases, the matrices
build outward from their centers in the manner indicated. Thus, to
obtain the needed expansion coefficients, b–1

(m) and b1
(m), and hence

the viscosity for a given order of the expansion, one need only
generate the [(2m)� (2m)] matrix of Eq. (5) and invert it.

The matrix elements, bpq, in Eq. (5) are constructed from
combinations of bracket integrals containing the appropriate
Sonine polynomials from the expansions used. Specifically, since it
is straightforward to show for any (p, q) that bpq¼ bqp, one has that:

bpq ¼ bqp ¼ x2
1

h
Sðp�1Þ

5=2 ðC
2
1ÞCC 1CC

+

1; S
ðq�1Þ
5=2 ðC

2
1ÞCC 1CC

+

1

i
1

þx1x2

h
Sðp�1Þ

5=2 ðC
2
1ÞCC 1CC

+

1; S
ðq�1Þ
5=2 ðC

2
1ÞCC 1CC

+

1

i
12
; ð7Þ

bp�q ¼ b�qp ¼ x1x2

h
Sðp�1Þ

5=2 ðC
2
1ÞCC 1CC

+

1;S
ðq�1Þ
5=2 ðC

2
2ÞCC 2CC

+

2

i
12
; (8)

b�pq ¼ bq�p ¼ x1x2

h
Sðp�1Þ

5=2 ðC
2
2ÞCC 2CC

+

2;S
ðq�1Þ
5=2 ðC

2
1ÞCC 1CC

+

1

i
21
; (9)

b�p�q ¼ b�q�p ¼ x2
2

h
Sðp�1Þ

5=2 ðC
2
2ÞCC 2CC

+

2; S
ðq�1Þ
5=2 ðC

2
2ÞCC 2CC

+

2

i
2

þx1x2

h
Sðp�1Þ

5=2 ðC
2
2ÞCC 2CC

+

2; S
ðq�1Þ
5=2 ðC

2
2ÞCC 2CC

+

2

i
21
; (10)

where:

SðnÞm ðxÞ ¼
Xn

p¼0

ðmþ nÞðn�pÞ
ðpÞ!ðn� pÞ! ð � xÞp

¼
Xn

p¼0

ðmþ nÞ!
ðpÞ!ðn� pÞ!ðmþ pÞ!ð � xÞp

¼
Xn

p¼0

Gðmþ nþ 1Þ
Gðpþ 1ÞGðn� pþ 1ÞGðmþ pþ 1Þð � xÞp; ð11Þ

(with Sm
(0)(x)¼ 1 and Sm

(1)(x)¼mþ 1� x) are numerical multiples
(un-normalized) of the Sonine polynomials originally used in the
Kinetic Theory of Gases by Burnett [16], in which
CC i ¼ ðmi=2kTÞ1=2Ci are dimensionless, pre-collision, peculiar
molecular velocities, Ci¼ ci� c0 are the dimensional, pre-collision,
peculiar molecular velocities, ci are the pre-collision molecular
velocities, and c0¼M1x1c1þM2x2c2 is the mean mass velocity of
the mixture. Here, one needs to be aware that the notation
(mþ n)(n�p) used by Chapman and Cowling in Eq. (11) is not the
standard Pochhammer notation employed later in this work
although it is related to it. From the definitions used in the bracket
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integral notation, it follows that Eqs. (10) and (9) are essentially
identical to Eqs. (7) and (8), respectively, with the only difference
being the interchange of the subscripts 1 and 2 representing the
different components of the mixture. Thus, in general, the complete
Chapman–Enskog solution for viscosity for binary gas mixtures
requires the evaluation of only three types of bracket integrals:

h
SðpÞ5=2ðC

2
1ÞCC 1CC

+

1; S
ðqÞ
5=2ðC

2
1ÞCC 1CC

+

1

i
1
; (12)

h
SðpÞ5=2ðC

2
1ÞCC 1CC

+

1; S
ðqÞ
5=2ðC

2
2ÞCC 2CC

+

2

i
12
; (13)

and:

h
SðpÞ5=2ðC

2
1ÞCC 1CC

+

1; S
ðqÞ
5=2ðC

2
1ÞCC 1CC

+

1

i
12
: (14)

Here, however, we note an observation made in our previous work
[18] that, of the three required bracket integrals shown in Eqs. (12)–
(14), the application of some simple combinatorial rules allows one
to generate expressions for the bracket integrals of Eqs. (12) and (13)
from an appropriate expression for the bracket integral of Eq. (14) if
such is known. Thus, it is the derivation of such an expression for the
bracket integral of Eq. (14) which could be said to be the most
important goal of this paper. However, in terms of complexity, we
have found it convenient to first pursue independently the deriva-
tion of an expression for the bracket integral of Eq. (13) before
attempting the corresponding derivation for the bracket integral of
Eq. (14). Both of these derivations are detailed below and the simi-
larities between them are obvious. Our use of the resulting expres-
sions for the bracket integrals of Eqs. (13) and (14) to generate
a similar expression for the bracket integral of Eq. (12) according to
the appropriate combinatorial rule is a relatively minor exercise
which is presented following the first two derivations. While all of
the above expressions for binary gas mixtures are readily general-
ized for use with arbitrary mixtures by replacing the (1, 2) indexing
scheme associated specifically with binary mixtures to a more
general (i, j) indexing scheme, in what follows we retain the (1, 2)
indexing scheme used by Chapman and Cowling as it improves (in
our opinion) the clarity of the derivations. Of great importance in
this work is the requirement that we have placed on our results that
they continue to exhibit the full set of general dependencies of the
bracket integrals on the molecular masses and the omega integrals,
Uð‘Þ12ðrÞ, that we have retained in our previous recent work [17–21]
and which is the most significant factor contributing to the utility of
this recent body of work. The omega integrals are initially defined as:

Uð‘Þ12ðrÞh
�

kT
2pm0M1M2

�1=2ZN
0

exp
�
�g2

�
gð2rþ3Þfð‘Þ12dg ; (15)

with:

fð‘Þ12h2p

Zp

0

�
1� cos‘ðcÞ

�
bdb; (16)

and contain all of the dependencies relating to the specific intermo-
lecular potential model that is employed. Here, c is the angle between
the pre-collision (g¼ c2� c1) and post collision (g0 ¼ c02� c01) relative
velocities and is a function of the impact parameter, b, and the
dimensionless pre-collision, relative velocity of the two colliding
molecules, ghðm0M1M2=2kTÞ1=2g. As a brief aside, we note here that
it is often considered convenient to define the omega integrals in
terms of a simple scaling factor, s12¼ (½)(s1þ s2), which is, in the
most general of terms, only a convenient, arbitrarily chosen length
within some range where the impact parameter, b, is significant.
Expressed in this manner, the omega integrals are then [1]:

U
ð‘Þ
12ðrÞ ¼

1
2

s2
12

�
2pkT

m0M1M2

�1=2

Wð‘Þ
12 ðrÞ; (17)

where:

Wð‘Þ
12 ðrÞh2

ZN
0

exp
�
�g2

�
gð2rþ3Þ

�
Zp

0

�
1� cos‘ðcÞ

�
ðb=s12Þdðb=s12Þdg : ð18Þ

Note that when only one species is present, Eqs. (17) and (18)
reduce to the following simple gas expressions:

U
ð‘Þ
1 ðrÞ ¼ s2

1

�
pkT
m1

�1=2

Wð‘Þ
1 ðrÞ; (19)

with:

Wð‘Þ
1 ðrÞ ¼ 2

ZN
0

exp
�
�g2

�
gð2rþ3Þ

�
Zp

0

�
1� cos‘ðcÞ

�
ðb=s1Þdðb=s1Þdg : ð20Þ

In Eqs. (17)–(20), s1 is an arbitrary scale length associated with
collisions between like molecules of type 1 while s12 is associated
with collisions between unlike molecules of types 1 and 2. These
scale lengths are commonly associated with some concept of
the molecular diameters depending upon the specific details of the
intermolecular potential model that is employed.
3. Derivation of summational representations for the bracket
integrals

We begin our derivations at the point in Chapman and Cowling
[1] where the evaluation of the six integrations in the bracket
integrals that are unrelated to the intermolecular interaction model
being employed are first considered. Here, we note that Chapman
and Cowling make use of the following relationships for the Sonine
polynomials:

�
s

s

�ðmþ1Þ
expð � xsÞ ¼ ð1� sÞð�m�1Þexp

�
�xs

1� s

�

¼
XN
n¼0

snSðnÞm ðxÞ; ð21Þ

and:

�
t

t

�ðmþ1Þ
expð � xtÞ ¼ ð1� tÞð�m�1Þexp

�
�xt

1� t

�

¼
XN
n¼0

tnSðnÞm ðxÞ; (22)

where S¼ s/(1� s) and T¼ t/(1� t), to express the bracket integrals
in terms of the coefficients of expansions in the arbitrarily intro-
duced variables, s and t. Thus, it is possible after following Chapman
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and Cowling to obtain the following expressions for the bracket
integrals of Eqs. (13) and (14), respectively:

h
SðpÞ5=2ðC

2
1ÞCC 1CC

+

1;S
ðqÞ
5=2ðC

2
2ÞCC 2CC

+

2

i
12
¼coeff ½sptq� in

�
st

st

�7=2

p�3
Z Z Z

½L12ð0Þ�L12ðcÞ�gbdbd3dg ; ð23Þ

and:

h
SðpÞ5=2ðC

2
1ÞCC 1CC

+

1;S
ðqÞ
5=2ðC

2
1ÞCC 1CC

+

1

i
12
¼coeff ½sptq� in

�
st

st

�7=2

p�3
Z Z Z

½L1ð0Þ�L1ðcÞ�gbdbd3dg : (24)

Note that the retention of a single g in Eqs. (23) and (24) (as opposed
to g) is not a typographical error but, rather, is the exact notation used
by Chapman and Cowling. Then, one can express the c-dependent
portions of the RHS bracketed integrals of Eqs. (23) and (24) as:

3
2

�
st

st

�7=2

p�3=2L12ðcÞ ¼ ðM1M2Þexp
�
�g2

�

�
X

r

X
n
f2M1M2st½1� cosðcÞ�gr

�
g2r

r!

�

� ðM2sþM1tÞn
�
½ðnþ 1Þðnþ 2Þ�Sðnþ2Þ

rþ1=2

�
g2
�

þ ½2ðnþ 1Þ½1� cosðcÞ��g2Sðnþ1Þ
rþ3=2

�
g2
�

þ
	
½1� cosðcÞ�2�1

2
sin2ðcÞ



g4SðnÞrþ5=2

�
g2
��

; ð25Þ

and:

3
2

�
st

st

�7=2

p�3=2L1ðcÞ ¼ exp
�
�g2

�

�
X

r

X
n

n
st½M2

1 þM2
2 þ 2M1M2cosðcÞ�

or
�

g2r

r!

�

� fM2ðsþ tÞ � ðM2 �M1Þstgn
�h

M2
1ðnþ 1Þðnþ 2Þ

i
Sðnþ2Þ

rþ1=2

�
g2
�

þ ½2ðnþ 1ÞM1½M1 þM2cosðcÞ��g2Sðnþ1Þ
rþ3=2

�
g2
�

þ
	
½M1 þM2cosðcÞ�2�1

2
M2

2sin2ðcÞ



g4SðnÞrþ5=2

�
g2
��

; ð26Þ

which are Eqs. (9.32, 7) and (9.4, 13), respectively, in Chapman and
Cowling. In both of these cases, the coefficient of [sptq] yields a poly-
nomial in powers of g2 and cos(c) that is multiplied by expð�g2Þ and
in which each term is some function of the molecular masses via M1

and M2. The c-independent portions of the RHS bracketed integrals of
Eqs. (23) and (24) are obtained by the simple expedient of setting
c¼ 0 in Eqs. (25) and (26) which then yields overall terms in the
combined polynomial involving ½1� cos‘ðcÞ�. Thus, after completion
of the six integrations not related to the intermolecular potential
model, including the integrations over 3 and the directions of g , it is
possible to express the bracket integrals of Eqs. (23) and (24) as:

h
SðpÞ5=2ðC

2
1ÞCC 1CC

+

1;S
ðqÞ
5=2ðC

2
2ÞCC 2CC

+

2

i
12

¼16
3

p1=2Mðpþ1Þ
2 Mðqþ1Þ

1

Z Z
exp

�
�g2

�
�
X
r;‘

Bpqr‘ gð2rþ2Þ�1�cos‘ðcÞ
�
gbdbdg

¼16
3

Mðpþ1Þ
2 Mðqþ1Þ

1

X
r;‘

Bpqr‘ Uð‘Þ12ðrÞ¼
16
3

X
r;‘

B00pqr‘ Uð‘Þ12ðrÞ; (27)

and:
h
SðpÞ5=2ðC

2
1ÞCC 1CC

+

1; S
ðqÞ
5=2ðC

2
1ÞCC 1CC

+

1

i
12
¼ 16

3
p1=2

Z Z
exp

�
�g2

�
�
X
r;‘

B0pqr‘ gð2rþ2Þ�1� cos‘ðcÞ
�
gbdbdg

¼ 16
3

X
r;‘

B0pqr‘ Uð‘Þ12ðrÞ;
(28)

where the omega integrals have been defined in Eqs. (17) and (18).
Here, we note that our initial work followed the prescription
implied by Chapman and Cowling [1] for determination of the
coefficients, Bpqr‘ and B0pqr‘. According to Chapman and Cowling:

‘‘Explicit expressions for [Bpqr‘ and B0pqr‘] can be obtained
from [Eqs. (25) and (26)] using [Eq. (11)] for Sm

(n)(x). In view of
the complication of these expressions it is, however, better in
practice to calculate any desired values of [Bpqr‘ and B0pqr‘]
directly from [Eqs. (25) and (26)].’’

The prescription implied by this statement is that one should expand
Eqs. (25) and (26) directly in powers of s and t using the binomial
theorem, collect terms containing identical powers of [sptq] to identify
the omega integrals that are present, and then consolidate the coef-
ficients of each to create the needed expressions for each of the (p, q)
bracket integrals and their associated bpq matrix elements. In general,
this process works fine for lower-order expansions; particularly
where one is required to do the algebra by hand, and is readily
accomplished to much higher orders of expansion by using Mathe-
matica� to do the necessary algebra and pattern matching. However,
at sufficiently high an order, the computational overhead associated
with performing these operations on extremely large and complex
expressions causes the process to become very inefficient in terms of
the time required to determine the matrix elements. Thus, we return
to the above quote by Chapman and Cowling and consider the alter-
native prescription that they have indicated which would be expected
to yield general expressions for the bracket integrals much more
conducive to efficient computations; particularly in computational
environments employing more traditional languages and program-
ming structures (such as FORTRAN, Cþþ, etc.).

We return now to Eqs. (27) and (28). As we have pointed out, it is
technically only necessary to actually derive an alternative
expression for the coefficients B0pqr‘ in Eq. (28) as the coefficients
Bpqr‘ in Eq. (27) can then be determined from the B0pqr‘ expression
thus derived. In practice, however, an expression for Bpqr‘ is easier
to derive due to its less complex dependence on the molecular
masses. Therefore, Bpqr‘ is addressed first followed by B0pqr‘. With
both of these coefficients determined, the bracket integrals of Eqs.
(13) and (14) are fully specified in the most general possible terms
and may be combined in the appropriate manner to yield the most
general possible expression for the simple gas bracket integral of
Eq. (12). Then, with all three of the bracket integrals of Eqs. (12)–
(14) thus specified, general expressions for the bpq matrix elements
may be constructed according to Eqs. (7)–(10) if one wishes. At this
point, evaluation of the general matrix elements for specific values
of the parameters and inversion of the coefficient matrices to
obtain the expansion coefficients, b–1

(m) and b1
(m), is an extremely

rapid process provided that values of the necessary omega integrals
exist in precomputed form to the necessary degree of precision for
the specific intermolecular potential model being employed.

4. Derivation of a summational representation for the L12

bracket integral

First, consider the bracket integral type:

h
SðpÞ5=2ðC

2
1ÞCC 1CC

+

1; S
ðqÞ
5=2ðC

2
2ÞCC 2CC

+

2

i
12
; (29)
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which we refer to here as the L12 bracket integral. Following Eq. (23)
this may be determined by specifying the coefficient of [sptq] in the
expansion of Eq. (25). As a first step one may rewrite Eq. (25) in the
following slightly more convenient form:

�
st

st

�7=2

p�3=2L12ðcÞ¼
2
3
ðM1M2Þexp

�
�g2

�

�
XN
i¼0

XN
n¼0

ðM1M2Þisiti 2i

ðiÞ!½1�cosðcÞ�i
�

g2
�i

�ðM2sþM1tÞn
(�

nþ1
��

nþ2
�

Sðnþ2Þ
iþ1=2

�
g2
�

þ2ðnþ1Þ½1�cosðcÞ�g2Sðnþ1Þ
iþ3=2

�
g2
�

þ
	

1
2
�2cosðcÞþ3

2
cos2ðcÞ



g4SðnÞiþ5=2

�
g2
�)

: ð30Þ

Now, one consolidates the Sonine polynomials using the definition
of Eq. (11) which may be expressed as:

Sðnþ2Þ
zþ1=2

�
g2
�
¼
Xðnþ2Þ

h¼0

ð � 1Þh
�
g2
h

ðhÞ!ðnþ 2� hÞ!

� ð2ðzþ nþ 3ÞÞ!
ð2ðzþ hþ 1ÞÞ!

ðzþ hþ 1Þ!
ðzþ nþ 3Þ!

4h

4ðnþ2Þ; (31)

where we note that we have used the following property of the
Gamma function:

G
�

nþ 1
2

�
¼ ð2nÞ!

4nðnÞ!G
�

1
2

�
: (32)

From Eq. (31), one may obtain:

Sðnþ2Þ
iþ1=2

�
g2
�
¼
Xðnþ2Þ

h¼0

ð � 1Þh
�
g2

h

ðhÞ!ðnþ 2� hÞ!

� ð2ðiþ nþ 3ÞÞ!
ð2ðiþ hþ 1ÞÞ!

ðiþ hþ 1Þ!
ðiþ nþ 3Þ!

4h

4ðnþ2Þ; (33)

g2Sðnþ1Þ
iþ3=2

�
g2
�
¼
Xðnþ2Þ

h¼0

ð � 1Þh
�
g2

h

ðhÞ!ðnþ 2� hÞ!

�ð2ðiþ nþ 3ÞÞ!
ð2ðiþ hþ 1ÞÞ!

ðiþ hþ 1Þ!
ðiþ nþ 3Þ!

4h

4ðnþ2Þ½ � h�; (34)

and:

g4SðnÞiþ5=2

�
g2
�
¼
Xðnþ2Þ

h¼0

ð�1Þh
�
g2
h

ðhÞ!ðnþ2�hÞ!

�ð2ðiþnþ3ÞÞ!
ð2ðiþhþ1ÞÞ!

ðiþhþ1Þ!
ðiþnþ3Þ!

4h

4ðnþ2Þ½hðh�1Þ�: (35)
After this substitution, one can factor out the common terms in
the three summations and combine them into a single summation
as:

�
nþ 1



ðnþ 2ÞSðnþ2Þ

iþ1=2

�
g2
�
þ 2ðnþ 1Þ½1� cosðcÞ�g2Sðnþ1Þ

iþ3=2

�
g2
�

þ
	

1
2
� 2cosðcÞ þ 3

2
cos2ðcÞ



g4SðnÞiþ5=2

�
g2
�

¼
Xðnþ2Þ

h¼0

ð � 1Þh
�
g2

h

ðhÞ!ðnþ 2� hÞ!
ð2ðiþ nþ 3ÞÞ!
ð2ðiþ hþ 1ÞÞ!

ðiþ hþ 1Þ!
ðiþ nþ 3Þ!

� 4h

4ðnþ2Þ

(	�
nþ 1� h



ðnþ 2� hÞ � 1

2
hðh� 1Þ




þ ½2hðnþ 2� hÞ�cosðcÞ þ
	

3
2

hðh� 1Þ



cos2ðcÞ
)
: ð36Þ

Now, one can write:

�
st

st

�7=2

p�3=2L12ðcÞ ¼
2
3
ðM1M2Þexp

�
�g2

�

�
XN
i¼0

XN
n¼0

ðM1M2Þisiti 2i

ðiÞ!½1�cosðcÞ�i

�ðM2sþM1tÞn
Xðnþ2Þ

h¼0

ð�1Þh
�
g2

ðhþiÞ

ðhÞ!ðnþ2�hÞ!

� 4h

4ðnþ2Þ
ð2ðiþnþ3ÞÞ!
ðiþnþ3Þ!

ðiþhþ1Þ!
ð2ðiþhþ1ÞÞ!

�
(	�

nþ1�h


ðnþ2�hÞ�1

2
hðh�1Þ




þ½2hðnþ2�hÞ�cosðcÞþ
	

3
2

hðh�1Þ



cos2ðcÞ
)
; ð37Þ

To extract the summation over s, one first substitutes the
binomial expansion:

ðM2sþM1tÞn¼
Xn

j¼0

�
n
j

�
Mj

2sjMðn�jÞ
1 tðn�jÞ; (38)

where the
�

n
j

�
are the binomial coefficients such that:

�
st

st

�7=2

p�3=2L12ðcÞ ¼
2
3
ðM1M2Þexp

�
�g2

�

�
XN
i¼0

XN
n¼0

2i

ðiÞ!½1� cosðcÞ�i
Xn

j¼0

�
n

j

�
MðjþiÞ

2 sðjþiÞ

�Mðn�jþiÞ
1 tðn�jþiÞ Xðnþ2Þ

h¼0

ð � 1Þh
�
g2

ðhþiÞ

ðhÞ!ðnþ 2� hÞ!

� 4h

4ðnþ2Þ
ð2ðiþ nþ 3ÞÞ!
ðiþ nþ 3Þ!

ðiþ hþ 1Þ!
ð2ðiþ hþ 1ÞÞ!

�
(	�

nþ 1� h


ðnþ 2� hÞ � 1

2
hðh� 1Þ




þ ½2hðnþ 2� hÞ�cosðcÞ þ
	

3
2

hðh� 1Þ



cos2ðcÞ
)
: ð39Þ

Then, shifting the j index one has that:



�
st

st

�7=2

p�3=2L12ðcÞ

¼ 2
3
ðM1M2Þexp

�
�g2

�XN
i¼0

XN
n¼0

XðnþiÞ

j¼i

sj 2i

ðiÞ!½1�cosðcÞ�i
�

n

ðj� iÞ

�
Mj

2Mðn�jþ2iÞ
1 tðn�jþ2iÞ Xðnþ2Þ

h¼0

ð�1Þh
�
g2

ðhþiÞ

ðhÞ!ðnþ2�hÞ!

� 4h

4ðnþ2Þ
ð2ðiþnþ3ÞÞ!
ðiþnþ3Þ!

ðiþhþ1Þ!
ð2ðiþhþ1ÞÞ!

(	�
nþ1�h



ðnþ2�hÞ�1

2
hðh�1Þ



þ½2hðnþ2�hÞ�cosðcÞþ

	
3
2

hðh�1Þ



cos2ðcÞ
)
: ð40Þ

R.V. Tompson et al. / European Journal of Mechanics B/Fluids 29 (2010) 153–179158
Now, from Figs. 1 and 2, it can be seen that:

XN
i¼0

XN
n¼0

XðnþiÞ

j¼ i

¼
XN
j¼0

Xj

i¼0

XN
n¼ðj�iÞ

: (41)

Thus:

�
st

st

�7=2

p�3=2L12ðcÞ¼
2
3
ðM1M2Þexp

�
�g2

�

�
XN
j¼0

sj
Xj

i¼0

XN
n¼ðj�iÞ

2i

ðiÞ!½1�cosðcÞ�i
 

n

ðj�iÞ

!
Mj

2

�Mðn�jþ2iÞ
1 tðn�jþ2iÞXðnþ2Þ

h¼0

ð�1Þh
�
g2

ðhþiÞ

ðhÞ!ðnþ2�hÞ!

� 4h

4ðnþ2Þ
ð2ðiþnþ3ÞÞ!
ðiþnþ3Þ!

ðiþhþ1Þ!
ð2ðiþhþ1ÞÞ!

�
(	�

nþ1�h


ðnþ2�hÞ�1

2
hðh�1Þ




þ½2hðnþ2�hÞ�cosðcÞþ
	

3
2

hðh�1Þ



cos2ðcÞ
)
; ð42Þ
Fig. 1. The geometry of the summational transformation:PN
n¼0

PðnþiÞ
j¼ i ¼

PN
j¼ i
PN

n¼ðj�iÞ .
and one need only let j / p to obtain the coefficient of sp, i.e.:

�
st

st

�7=2

p�3=2L12ðcÞ¼
2
3
ðM1M2Þexp

�
�g2

�

�
XN
p¼0

sp
Xp

i¼0

XN
n¼ðp�iÞ

tðn�pþ2iÞ 2i

ðiÞ!½1�cosðcÞ�i

�
�

n

ðp�iÞ

�
Mp

2Mðn�pþ2iÞ
1

Xðnþ2Þ

h¼0

ð�1Þh
�
g2

ðhþiÞ

ðhÞ!ðnþ2�hÞ!

� 4h

4ðnþ2Þ
ð2ðiþnþ3ÞÞ!
ðiþnþ3Þ!

ðiþhþ1Þ!
ð2ðiþhþ1ÞÞ!

�
(	�

nþ1�h


ðnþ2�hÞ�1

2
hðh�1Þ




þ½2hðnþ2�hÞ�cosðcÞþ
	

3
2

hðh�1Þ



cos2ðcÞ
)
: ð43Þ

Next, to extract the summation over t, one shifts the n index
such that:
Fig. 2. The geometry of the summational transformation:PN
i¼0

PN
j¼ i ¼

PN
j¼0

Pj
i¼0.



�
st

st

�7=2

p�3=2L12ðcÞ¼
2
3
ðM1M2Þexp

�
�g2

�

�
XN
p¼0

sp
Xp

i¼0

XN
n¼i

tn½1�cosðcÞ�i
�ðpþn�2iÞ
ðp�iÞ

�
2i

ðiÞ!M
p
2Mn

1

Xðpþnþ2�2iÞ

h¼0

ð�1Þh
�
g2

ðhþiÞ

ðhÞ!ðpþnþ2�2i�hÞ!
4h

4ðpþnþ2�2iÞ
ð2ðpþnþ3�iÞÞ!
ðpþnþ3�iÞ!

ðiþhþ1Þ!
ð2ðiþhþ1ÞÞ!

�
(	
ðpþnþ1�2i�hÞðpþnþ2�2i�hÞ�1

2
hðh�1Þ



þ½2hðpþnþ2�2i�hÞ�cosðcÞþ

	
3
2

hðh�1Þ



cos2ðcÞ
)
: ð44Þ

Fig. 3. The geometry of the summational transformation:Pp
i¼0

PN
n¼0 ¼

PN
n¼0

Pmin½p;n�
i¼0 .
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Here, from Fig. 3, one has that:

Xp

i¼0

XN
n¼ i

¼
XN
n¼0

Xmin½p;n�

i¼0

: (45)

Thus:�
st

st

�7=2

p�3=2L12ðcÞ ¼
2
3
ðM1M2Þexp

�
�g2

�

�
XN
p¼0

sp
XN
n¼0

tn
Xmin½p;n�

i¼0

½1� cosðcÞ�i
 
ðpþ n� 2iÞ
ðp� iÞ

!

� 2i

ðiÞ!M
p
2Mn

1

Xðpþnþ2�2iÞ

h¼0

ð � 1Þh
�
g2

ðhþiÞ

ðhÞ!ðpþ nþ 2� 2i� hÞ!

� 4h

4ðpþnþ2�2iÞ
ð2ðpþ nþ 3� iÞÞ!
ðpþ nþ 3� iÞ!

ðiþ hþ 1Þ!
ð2ðiþ hþ 1ÞÞ!

�
(	
ðpþ nþ 1� 2i� hÞðpþ nþ 2� 2i� hÞ

� 1
2

hðh� 1Þ


þ ½2hðpþ nþ 2� 2i� hÞ�cosðcÞ

þ
	

3
2

hðh� 1Þ



cos2ðcÞ
)
; ð46Þ

and one need only let n / q to obtain the coefficient of tq, i.e.:

�
st

st

�7=2

p�3=2L12ðcÞ ¼
2
3
ðM1M2Þexp

�
�g2

�

�
XN
p¼0

sp
XN
q¼0

tq
Xmin½p;q�

i¼0

½1� cosðcÞ�i
 
ðpþ q� 2iÞ

ðp� iÞ

!

� 2i

ðiÞ!M
p
2Mq

1

Xðpþqþ2�2iÞ

h¼0

ð � 1Þh
�
g2

ðhþiÞ

ðhÞ!ðpþ qþ 2� 2i� hÞ!

� 4h

4ðpþqþ2�2iÞ
ð2ðpþ qþ 3� iÞÞ!
ðpþ qþ 3� iÞ!

ðiþ hþ 1Þ!
ð2ðiþ hþ 1ÞÞ!

�
(	
ðpþ qþ 1� 2i� hÞðpþ qþ 2� 2i� hÞ

� 1
2

hðh� 1Þ


þ ½2hðpþ qþ 2� 2i� hÞ�cosðcÞ

þ
	

3
2

hðh� 1Þ



cos2ðcÞ
)
: ð47Þ

To extract the cos(c) summation, one must first factor out
powers of the cos(c) from the last term as a summation over Kro-
necker deltas in the following manner:
�
st

st

�7=2

p�3=2L12ðcÞ ¼
2
3

XN
p¼0

XN
q¼0

½sptq�

�Mðpþ1Þ
2 Mðqþ1Þ

1 exp
�
�g2

�

�
Xmin½p;q�

i¼0

½1� cosðcÞ�i 2i

ðiÞ!
ðpþ q� 2iÞ!
ðp� iÞ!ðq� iÞ!

�
Xðpþqþ2�2iÞ

h¼0

ð � 1Þh
�
g2

ðhþiÞ

ðhÞ!ðpþ qþ 2� 2i� hÞ!
4h

4ðpþqþ2�2iÞ

� ð2ðpþ qþ 3� iÞÞ!
ðpþ qþ 3� iÞ!

ðiþ hþ 1Þ!
ð2ðiþ hþ 1ÞÞ!

X2

j¼0

cosjðcÞ

�
(	
ðpþ qþ 1� 2i� hÞðpþ qþ 2� 2i� hÞ

� 1
2

hðh� 1Þ



dj;0 þ ½2hðpþ qþ 2� 2i� hÞ�dj;1

þ
	

3
2

hðh� 1Þ



dj;2

)
: ð48Þ

Substitution of the binomial expansion:

½1� cosðcÞ�i¼
Xi

k¼0

�
i
k

�
ð � 1ÞkcoskðcÞ; (49)

then yields:



�
st

st

�7=2

p�3=2L12ðcÞ

¼ 2
3

XN
p¼0

XN
q¼0

½sptq�Mðpþ1Þ
2 Mðqþ1Þ

1 exp
�
�g2

� Xmin½p;q�

i¼0

Xi

k¼0

X2

j¼0

cosðjþkÞðcÞ
�

i

k

�
ð � 1Þk 2i

ðiÞ!
ðpþ q� 2iÞ!
ðp� iÞ!ðq� iÞ!

�
Xðpþqþ2�2iÞ

h¼0

ð � 1Þh
�
g2
ðhþiÞ

ðhÞ!ðpþ qþ 2� 2i� hÞ!
4h

4ðpþqþ2�2iÞ
ð2ðpþ nþ 3� iÞÞ!
ðpþ nþ 3� iÞ!

ðiþ hþ 1Þ!
ð2ðiþ hþ 1ÞÞ!

�
(	
ðpþ qþ 1� 2i� hÞðpþ qþ 2� 2i� hÞ � 1

2
hðh� 1Þ



dj;0 þ ½2hðpþ qþ 2� 2i� hÞ�dj;1 þ

	
3
2

hðh� 1Þ



dj;2

)
; ð50Þ
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which, following a shift of the j index, becomes:
ð52Þ

�
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�7=2

p�3=2L12ðcÞ
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3

XN
p¼0

XN
q¼0

½sptq�Mðpþ1Þ
2 Mðqþ1Þ
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�
�g2
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k¼0
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ð � 1Þh
�
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ðhþiÞ
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dðj�kÞ;0 þ ½2hðpþ qþ 2� 2i� hÞ�dðj�kÞ;1 þ

	
3
2

hðh� 1Þ



dðj�kÞ;2

)
: ð51Þ
Now, from Figs. 4 and 5, one has that:

Xmin½p;q�

i¼0

Xi

k¼0

Xðkþ2Þ

j¼ k

¼
Xðmin½p;q�þ2Þ

j¼0

Xmin½p;q�

i¼max½0;ðj�2Þ�

Xmin½j;i�

k¼max½0;ðj�2Þ�
;

such that:
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3
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q¼0

½sptq�Mðpþ1Þ
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�
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ð2ðiþ hþ 1ÞÞ!
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2
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3
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)
; ð53Þ
and one need only let j/‘ to obtain the coefficient of cos‘ðcÞ, i.e.:
�
st
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)
: ð54Þ
Here, note that the full integration involves the difference
[L12(0)� L12(c)] which yields terms containing ½1� cos‘ðcÞ�. When
‘ ¼ 0, this quantity is identically zero and, hence, without loss of
generality, one may neglect the lowest term of the summation over



Fig. 4. The geometry of the summational transformation:Pi
k¼0

Pðkþ2Þ
j¼ k ¼

Pðiþ2Þ
j¼0

Pmin½j;i�
k¼max½0;ðj�2Þ� .
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)
: ð58Þ
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‘ and express the limits of the ‘ summation accordingly as has been
done in what follows.

Lastly, one needs to extract the ðg2Þ summation. Shifting the h

index yields:
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where it can be seen from Fig. 6 that:
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Thus:
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and one need only let h / r to obtain the coefficient of ðg2Þr , i.e.:
Following the above extraction of the various summations in the
indicated order, and after integration of the coefficient of [sptq] over
3 and the directions of g , one has that:
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where:
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Fig. 5. The geometry of the summational transformation:

Pmin½p;q�
i¼0

Pðiþ2Þ
j¼0 ¼

Pðmin½p;q þ2Þ�
j¼0

Pmin½p;q�
i¼max½0;ð‘�2Þ� .

Fig. 6. The geometry of the summational transformation:
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Here, we note that some simplification may be achieved in the
above expressions by taking advantage of the fact that ‘ � 1 implies
that one generally has max ½0; ð‘� 2Þ� ¼ ð‘� 2Þ except for a limited
number of specific cases that occur only when ‘ ¼ 1 and which
must be excluded from the summations. These cases include when
r¼ (�1) and r¼ (pþ qþ 3), when i¼ (�1), and when k¼ (�1).
These cases may be excluded from the various summations via the
appropriate inclusion of Kronecker deltas in either Eq. (59) or Eq.
(60). Thus, it is equivalent to write:
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with:
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Further, when r ¼ ð‘� 2Þ it follows that i¼ k¼ r and one has that the
last term in Eq. (62) is 0. Similarly, when r ¼ ð‘� 1Þ it follows that
one has either i ¼ k ¼ ð‘� 2Þ or i¼ r with k ¼ i ¼ r ¼ ð‘� 1Þ or
k ¼ ð‘� 2Þ. All of these possibilities again imply that the last term in
Eq. (62) is 0 and, thus, the two lowest terms in the r summation may
be omitted, i.e. one may write Eq. (61) as:
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(63)

which, makes the term (1 – dr, (�1)) in Eq. (62) redundant such that it
may be omitted.
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5. Derivation of a summational representation for the L1

bracket integral

Next, one considers the L1 bracket integral of Eq. (14):h
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From Chapman and Cowling [1] one has that this bracket integral
may be expressed as the coefficient of [sptq] in the expansion of:�
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where from Eq. (26) one has:�
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Again, the Sonine polynomials are consolidated using the definition
of Eq. (11) such that:�
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so that one has:�
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where F¼ (M1
2þM2

2)/(2M1M2) and G¼ (M1�M2)/M2.
To extract the summation over s, one first substitutes the
binomial expansion:
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Then, shifting the j index one has that:�
st

st

�7=2

p�3=2L1ðcÞ ¼
2
3

exp
�
�g2

�

�
XN
i¼0

XN
n¼0

XðnþiÞ

j¼ i

sjtð2iþn�jÞ 2i

ðiÞ!M
i
1Mi

2Mn
2

� ½F þ cosðcÞ�i
�

n

ðj� iÞ

�
½1þ Gt�ðj�iÞ

�
Xðnþ2Þ

h¼0

ð � 1Þh
�
g2

ðhþiÞ

ðhÞ!ðnþ 2� hÞ!
4h

4ðnþ2Þ

� ð2ðiþ nþ 3ÞÞ!
ðiþ nþ 3Þ!

ðiþ hþ 1Þ!
ð2ðiþ hþ 1ÞÞ!

�
(	�

nþ 1� h


ðnþ 2� hÞM2

1 �
1
2

hðh� 1ÞM2
2




� ½2M1M2hðnþ 2� hÞ�cosðcÞ þ
	

3
2

M2
2hðh� 1Þ



cos2ðcÞ

)
:ð71Þ

As before, from Figs. 1 and 2, one can apply the expression from Eq.
(41) such that:�
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and one need only let j / p to obtain the coefficient of sp, i.e.:�
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Now, to extract the summation over t, one substitutes the
binomial expansion:
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Then, after shifting the n index, one has:
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From Figs. 7 and 3 one has that:
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and one need only let n / q to obtain the coefficient of tq, i.e.:
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To extract the cos(c) summation, one must first factor out powers of
the cos(c) from the last term as a summation over Kronecker deltas
[22] in the following manner:
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Substitution of the binomial expansion:
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which, following a shift of the j index, becomes:
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Again, using Eq. (52) obtained from Figs. 4 and 5 yields:
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and one need only let j/‘ to obtain the coefficient of cos‘ðcÞ, i.e.:
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As before, note that the full integration involves the difference
[L1(0)� L1(c)] which yields terms containing ½1� cos‘ðcÞ�. When
‘ ¼ 0, this quantity is identically zero and, hence, without loss of
generality, one may again neglect the lowest term of the summation
over ‘ and express the limits of the ‘ summation accordingly. Thus:
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Lastly, one needs to extract the ðg2Þ summation. Shifting the h index
yields:

�
st

st

�7=2

p�3=2½L1ð0Þ � L1ðcÞ� ¼
2
3

exp
�
�g2

�

�
XN
p¼0

XN
q¼0

½sptq�
Xðmin½p;q�þ2Þ

‘¼1

�
1� cos‘ðcÞ

� Xmin½p;q�

i¼max½0;ð‘�2Þ�

�
Xmin½ðp�iÞ;ðq�iÞ�

w¼0

Xðpþqþ2�i�wÞ

h¼ i

�
g2
�h Xmin½‘;i�

k¼max½0;ð‘�2Þ�

� 2i

ðiÞ!M
i
1Mi

2Mðpþq�2i�wÞ
2 Fði�kÞ

�
�

i

k

�� ðpþ q� 2i�wÞ
ðp� iÞ

�� ðp� iÞ
w

�
Gw

� ð � 1Þðh�iÞ

ðh� iÞ!ðpþ qþ 2� i� h�wÞ!
4ðhþiÞ

4ðpþqþ2�wÞ

� ð2ðpþ qþ 3� iÞ � 2wÞ!
ðpþ qþ 3� i�wÞ!

ðhþ 1Þ!
ð2hþ 2Þ!

�

8<
:
	
ðpþ q� iþ 1� h�wÞðpþ q� iþ 2� h�wÞM2

1

� 1
2
ðh� iÞðh� i� 1ÞM2

2



dk;‘

� ½2M1M2ðh� iÞðpþ qþ 2� i� h�wÞ�dk;ð‘�1Þ

þ
	

3
2

M2
2ðh� iÞðh� i� 1Þ



dk;ð‘�2Þ

)
: ð87Þ

From Figs. 8 and 6 one has that:
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such that:�
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and one need only let h / r to obtain the coefficient of ðg2Þr , i.e.:
Fig. 7. The geometry of the summational transformation:Pðp�iÞ
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Now, after integration of the coefficient of [sptq] over 3 and the
directions of g , one has:h
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Now, one may introduce Pochhammer’s notation [23,24] which is
defined as:
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such that:
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Using this notation, one may write:
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Here, except for a factor of (�1)k and the mass- and w- depen-
dencies in the last term, the terms preceding the summation over
w are the same as those obtained for B00pqr‘ in Eq. (62) and the
entire mass dependence of B0pqr‘ has been collected inside the
summation over w. Again, using the same logic that was used to
obtain B00pqr‘ in Eq. (62), one can introduce Kronecker deltas into
Eqs. (91) and (97) and simplify the limits of the summations such
that:
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and:

B0pqr‘ ¼
�

1� dr;ð�1Þ
��

1� dr;ðpþqþ3Þ
�

�
Xmin½p;q;r;ðpþqþ2�rÞ�

i¼ð‘�2Þ

22r

4ðpþqþ2Þ
8iðpþ q� 2iÞ!
ðp� iÞ!ðq� iÞ!

�
ð � 1ÞðrþiÞ

�
1� di;ð�1Þ

�
ðr � iÞ!ðpþ qþ 2� i� rÞ!

ðr þ 1Þ!
ð2r þ 2Þ!

� ð2ðpþ qþ 3� iÞÞ!
ðpþ qþ 3� iÞ!

Xðmin½p;q;ðpþqþ2�rÞ��iÞ

w¼0

� ðpþ 1� i�wÞwðqþ 1� i�wÞw�
w


!ðpþ qþ 1� 2i�wÞw

� ðpþ qþ 3� i� r �wÞw
ð2ðpþ qþ 3� iÞ � 2wþ 1Þw

2ð2w�2ÞGw

� ðpþ qþ 4� i�wÞw
ð2ðpþ qþ 3� iÞ �wþ 1Þw

Mi
1Mi

2Mðpþq�2i�wÞ
2

�
Xmin½‘;i�

k¼ð‘�2Þ

Fði�kÞ

ðkÞ!ði� kÞ!
�

1� dk;ð�1Þ

�
4

�
�	
ðpþ qþ 1� i� r �wÞðpþ qþ 2� i� r �wÞM2

1

� 1
2
ðr � iÞðr � i� 1ÞM2

2



dk;‘

� ½2M1M2ðr � iÞðpþ qþ 2� i� r �wÞ�dk;ð‘�1Þ

þ
	

3
2

M2
2ðr � iÞðr � i� 1Þ



dk;ð‘�2Þ

�
: ð99Þ
Here, again, simplification of the lower limit of the r summation has
made the factor (1� dr, (�1)) redundant. Now one may consider
some additional simplification of B00pqr‘ and B0pqr‘. In both cases the
summations over k contain, at most, three terms corresponding to
k ¼ ð‘� 2Þ, k ¼ ð‘� 1Þ, and k ¼ ‘. Expanding and consolidating
the k summation in Eq. (62), one has that:
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such that:
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Expanding and consolidating the k summation in Eq. (99), one has that:
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such that:
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In Eq. (103), the mass- and w-independent portion of B0pqr‘ is essen-
tially identical to the mass-independent portion of B00pqr‘ in Eq. (101)
except for an absent factor of ð�1Þ‘ which is present in B00pqr‘ due to the
additional factor of (�1)k noted previously and the now mass- and w-
dependent term containing the Kronecker deltas from the extraction
of powers of cos(c). Here, one can see that the total power of M
contained in the combined i and w summations (or total power of 1/2
in the limit when M1¼M2¼1/2 where w¼ 0) is simply pþ qþ 2. The
quantities F and G make no net contribution to this total power of M
although they do adjust the specific powers of M1 and M2 that
contribute to it such that the mass dependence of each term ends up
being a polynomial in various products of M1

aM2
b where

aþ b¼ pþ qþ 2. This is the total power of M that one expects to see
out of this derivation and is the same as the total power of M seen in
the previous derivation of the L12 bracket integral expression. Thus,
both derivations are consistent with the combinatorial rule for
generation of the simple gas bracket integral as described in Chapman
and Cowling [1] and in our previous work [18,20]. The extra factor of
ð�1Þ‘ that was generated in B00pqr‘ during the process of expanding and
consolidating the k summation and which is not present in the
expression for B0pqr‘ is, again, expected in light of the combinatorial
rule for the simple gas bracket integral which is discussed next.

6. Derivation of a summational representation for the simple
gas bracket integral

Lastly, the simple gas bracket integral is considered. Here,
a combinatorial rule is used to generate an appropriate expression for
the bracket integral from the L12 and L1 bracket integrals derived
above. The appropriate combinatorial rule from Chapman and
Cowling [1] is:h
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: (104)

From this, it is apparent that the use of Eqs. (101) and (103) yields:
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where Uð‘Þ1 ðrÞ are the simple gas omega integrals which can be
obtained directly from the definition of the omega integrals given
by Eqs. (19) and (20). Since in the limit of m1¼m2 one has that
M1¼M2¼1/2 such that w¼ 0, since (M1�M2)0 / 1, and since
(z)0¼ (z� 1)!/(z� 1)!¼ 1, one has from Eqs. (101) and (103) that:
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such that the simple gas bracket integrals may be expressed as:
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in which:
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Here, as expected, a factor of ½1þ ð�1Þ‘� is present which results
in the elimination of all of the terms associated with odd values
of ‘ and generates an additional factor of 2 in all of the terms
associated with even values of ‘. This is reflected in the adjust-
ment of the lower limit of the ‘ summation from ‘ ¼ 1 to ‘ ¼ 2
and the dropping of the various redundant functions containing
Kronecker deltas since, with ‘ � 2, one always has that r s (�1),
r s (pþ qþ 3) and i s (�1).
7. Summary of the general bracket integral expressions

In summary, one has the following general summational
expressions for the viscosity-related bracket integrals. First, the L12

bracket integrals of Eq. (13) are expressible as:
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in which:
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Second, the L1 bracket integrals of Eq. (14) are expressible as:
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(recall the definitions F¼ (M1
2 þM2

2)/(2M1M2) and G¼ (M1 – M2)/
M2) and third, the simple gas bracket integrals of Eq. (12), which
are obtained by appropriate combinations of the L12 and L1

bracket integrals, are similarly expressible as:
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To complete this summary of the current results, note that in Eqs.
(110) and (112) one has the the gas mixture omega integrals that
were defined previously by Eqs. (17) and (18) for collisions between
unlike molecules in the mixture as:
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while in Eq. (113), where collisions in the mixture are between
like molecules of a single species, one has the simple gas
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omega integrals which were defined previously by Eqs. (19)
and (20) as:
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All of the other various notations employed in Eqs. (109)–(116)
have been defined at various points in the body of this
document.
8. Explicit expressions for the viscosity bracket
integrals up to order 5

In most of the computer codes implemented to date that utilize
bracket integrals in their calculations, the emphasis has been on the
use of explicit bracket integral expressions up to orders 1, 2, or at
most, 3. The reason for this is that the complexity of the explicit
expressions has made them difficult to derive reliably by hand. This
complexity increases so rapidly, in fact, that we have found that it is
largely impractical to report explicit bracket integral expressions in
the open literature beyond the lowest orders even when they are
organized into compact form as we have done in what follows.
However, insofar as such explicit expressions can be reasonably
reported in the literature, they are valuable from the point of view of
having them available for general use in the existing computer
codes. Further, having such explicit expressions reported in the
literature, even to limited order, has a certain archival value in the
field where work continues with a variety of different intermolec-
ular potentials. Thus, in this section, we report a set of completely
general and explicit expressions for the bracket integrals necessary
to complete the Chapman–Enskog diffusion and thermal conduc-
tivity solutions up to order 5. Additionally, we note some basic
relationships that occur between the various bracket integrals that
make them more tractable to generate and manipulate in the
context of the Chapman–Enskog solutions.

Of the three needed bracket integrals, the L1 bracket integrals of
Eq. (14) have the most complicated dependence upon the molec-
ular masses of the mixture constituents. Thus, while having general
expressions for these bracket integrals would have proven most
useful in terms of deriving general expressions for the remaining
two bracket integrals, we actually began above with the derivation
of the L12 bracket integrals of Eq. (13) where the mass dependence
is rather simple. Thus, in this section on explicit bracket integral
expressions we follow the pattern established above and report
explicit expressions for the L12 bracket integrals first. We then
follow these with explicit expressions for the L1 bracket integrals
and the simple gas bracket integrals in that order. Note that for
order 5 viscosity bracket integrals, one requires only p, q ˛ (0, 1, 2, 3,
4). Thus, for the L12 bracket integrals up to order 5, one has:
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Next, we consider the L1 bracket integrals of Eq. (14). For each (p, q),
these may be used to generate the corresponding L12 expressions in
Eqs. (117)–(131) above. In general, the expressions for the L1 bracket
integrals consist of a series of terms each of which is associated with

a specific omega integral. Each of these omega integral terms also
contains a sign, a constant factor, and some function of M1 and M2. The
conversion process from the L1 expressions to the L12 expressions is
quite straightforward as the magnitude of the numerical coefficients
associated with each omega integral term are the same from the L1

expressions to the L12 expressions. The differences are in the distri-
butions of the constituent masses and the signs of the terms. Since the
same omega integrals must occur in both the L1 expressions and the
L12 expressions, the total number of omega integral terms must be the
same in each and there is, in effect, a one-to-one correspondence
between terms. The sign difference between corresponding terms is
dependent only upon ‘ and the appropriate sign transformation is to
multiply each term in the L1 expressions that follow by a factor of
ð�1Þ‘. The distribution of constituent masses is much simpler in the
L12 expressions than in the L1 expressions. In the L12 expressions given
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above in Eqs. (117)–(131), the distribution of the constituent masses is
exactly the same in every omega integral term for a given (p, q) and
amounts to nothing more than a common factor of (M1

(qþ1)M2
(pþ1)) in

each expression. Thus, overall, the appropriate transformation from
the L1 expressions that follow to the L12 expressions in Eqs. (117)–(131)
is to first set M1¼M2¼1 in each term in the L1 expressions, second to
multiply each expression with the appropriate common factor of
(M1

(qþ1)M2
(pþ1)), and third to multiply each term by a factor of ð�1Þ‘.

When the above prescription is followed, the expressions below yield
the corresponding L12 bracket integrals reported in Eqs. (117)–(131).
The explicit expressions for the L1 bracket integrals up to order 5 are:
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Now that the L1 and L12 bracket integrals up to order 5 have been
explicitly expressed, they can be used to generate explicit expres-
sions for the simple gas bracket integrals up to order 5 via the rule
of Eq. (104) exactly as was done for the general simple gas bracket
integral expression of Eqs. (107) and (108). Under the rule of Eq.
(104), one has that M1¼M2¼1/2 and the simple gas bracket
integrals are then mass independent except for the presence of
a single m1 in the simple gas omega integrals. Since, for any given
(p, q) all of the terms in the pairs of corresponding L1 and L12

bracket integral expressions have the same total power of the
constituent masses, substitution of M1¼M2¼1/2 simply yields an
additional constant factor for the corresponding pairs of expres-
sions of (1/2)pþqþ2. The difference in the signs of the terms in the
corresponding expressions due to the factor of ð�1Þ‘ has the effect
that all terms involving omega integrals with odd values of ‘ cancel
exactly and all terms involving omega integrals with even values of
‘ add identically to produce an additional factor of 2 in each
surviving term. Thus, it follows that for the simple gas viscosity
bracket integrals of Eq. (12) that one has:
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9. Discussion and conclusions

Our purpose in this series of papers [17–21] has been to explore the
use of Sonine polynomial expansions to obtain high-precision
numerical results for the transport coefficients and the related
Chapman–Enskog functions for simple gases and gas mixtures that
are free of numerical error. In the current work we have presented
summational expressions for the viscosity-related bracket integrals
needed to compute the associated Chapman–Enskog solutions to any
arbitrary order of expansion in terms of Sonine polynomials. The
summational nature of the expressions derived in this work will yield
greatly improved computational efficiencies in determinations of the
viscosity-related matrix elements associated with our current Math-
ematica�-based programs and will undoubtedly prove substantially
more conducive to use in computations that do not involve the use of
Mathematica� but which, rather, employ the Fortran, Cþþ, or other
programming environments directly. In addition, the derived
expressions which we have reported here clearly show exactly which
omega integrals are needed in each (p, q) element of the coefficient
matrix for a given order of the Sonine polynomial expansion
approximation, m, which we have found requires some additional
effort to extract using the term-by-term, expand-and-compare
method that we have used in our previous work [17–20] based on the
methodology originally suggested by Chapman and Cowling [1]. The
work completed so far enables future investigations on ternary and
more complicated gas mixtures and use of realistic potentials, and we
plan to report on such results in the future.
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